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Abstract. Given a flat, finite group scheme G finitely presented over a base 
scheme we introduce the notion of ramified Galois cover of group G (or simply 
G-cover), which generalizes the notion of G-torsor. We study the stack of G- 
covers, denoted with G-Cov, mainly in the abelian case, precisely when G is 
a finite diagonalizable group scheme over Z. In this case we prove that G-Cov 
is connected, but it is irreducible or smooth only in few finitely many cases. 
On the other hand, it contains a 'special' irreducible component Zq, which is 
the closure of B G and this reflects the deep connection we establish between 
G-Cov and the equivariant Hilbert schemes. We introduce 'parametrization' 
maps from smooth stacks, whose objects are collections of invertible sheaves 
with additional data, to Zq and we establish sufiicient conditions for a G-cover 
in order to be obtained (uniquely) through those constructions. Moreover a 
toric description of the smooth locus of Zq is provided. 

Introduction 

In this paper we study G-Galois covers of very general schemes. Let G be a 
flat, finite group scheme finitely presented over a base scheme (say over a field, or, 
as in this paper, over Z). We define a (ramified) G-cover as a finite morphism 
/: X — > Y with an action of G on X such that / is G-equivariant and f*Ox 
is fppf-locally isomorphic to the regular representation C'y[G] as Oy [G]-comodule. 
This definition is somehow the most natural: it generalizes the notion of G-torsors 
and, under suitable hypothesis, coincides with the usual definition of Galois cover 
when the group G is constant (see for example [ParOl, APll, Eas08]). Moreover, 
as explained below, in the abelian case G-covers are strictly related to the theory 
of equivariant Hilbert schemes (see for example [XakOl, SP02, HS02, AB05]). 

We call G-Cov the stack of G-covers and the aim of this article will be to describe 
its structure, especially in the abelian case. Our first result is: 

Theorem. [1.2,1.9] The stack G-Cov is algebraic and finitely presented over S. 
Moreover is an open substack of G-Cov. 

In many concrete problems, one is interested in a more direct and concrete 
description of a G-cover / : X — > Y. This is very simple and well known when 
G = ii2- such a cover / is given by an invertible sheaf C on Y with a section of 
C®"^. Similarly, when G = 113, a /xa-cover / is given by a pair (£i,£2) of invertible 
sheaves on Y with maps Cf^ — > £2 and Cf^ — > L\ (see [AV()4, § 6]). 

In general, however, there is no comparable description of G-covers. Very little is 
known when G is not abelian, beyond the cases G = Sd with d = 3, 4, 5: see [Eas08] 
for the case G = 5*3 and [Mir85, HM99, Cas96a, Cas96b] for the non-Galois case 
(of course, ramified covers of degree d are strictly linked with ramified Sd-covers). 

Even in the abelian case, the situation become complicated very quickly when 
the order of G grows. The paper that inspires our work is [Par91]; here the author 
describes G-covers X — > Y when G is an abelian group, F is a smooth variety 
over an algebraically closed field of characteristic prime to |G| and X is normal, in 
terms of certain invertible sheaves on y, generalizing the description given above 
for G = /i2 and G = /is. 

1 



STACKS OF RAMIFIED ABELIAN COVERS 



2 



Here we concentrate on the case when G is a finite diagonahzable group scheme 
over Spec Z; thus, G is isomorphic to a finite direct product of group scheme of the 
form Hd^z for d > 1. We consider the dual finite abehan group Ad — Hom(G,Gm) 
so that, by standard duahty results (see [SGAl]), G is the fppf sheaf of homomor- 
phisms M — > Gm and a decomposition of M into a product of cyclic groups yields 
the decomposition of G into a product of /i^'s. 

In this case we have an explicit description of a G-cover in terms of sequences of 
invertible sheaves. Indeed a G-cover over Y is of the form X — Spec £/ where ^ is 
a coherent sheaf of algebras over Y with a decomposition 

s>/ = Cm s.t. Cq = Oy, Cm invcrtiblc and LmCn ^ Cm+n for any m,n G M 

meM 

So a G-cover corresponds to a sequence of invertible sheaves {Cm)meM with maps 
V'm," ■ 'Si Cn — > Cm+n Satisfying certain rules and our principal aim will be 
to simplify the data necessary to describe such covers. For instance G-torsors 
correspond to sequences where all the maps 'ipm,n are isomorphism. Therefore, if 
G — fii, a G-torsor is simply given by an invertible sheaf C = Ci and an isomorphism 

When G — fi2 or G ~ /13 the description given above shows that the stack 
G-Cov is smooth, irreducible and very easy to describe. In the general case its 
structure turns out to be extremely intricate. For instance, as we will see, G-Cov 
is almost never irreducible, but has a 'special' irreducible component, called Zq, 
which is the scheme-theoretically closure of B G. This parallels what happens in 
the theory of M-equivariant Hilbert schemes (see [HS02, Remark 5.1]). It turns 
out that this theory and the one of G-covers is deeply connected: given an action 
of G on A'', induced by elements m — mi, . . . , rrir € M, the equivariant Hilbert 
scheme M-Hilb A*", that we will denote by M-Hilb— to underline the dependency 
on the sequence m, can be viewed as the functor whose objects are G-covers whit 
an equivariant closed immersion in A*". The forgetful map -d: M-Hilb— — > G-Cov 
is smooth and an atlas provided that m contains all the elements in M — {0} (3.8). 
Moreover 'd~^{Zc) coincides with the main component of M-Hilb—, first studied 
by Nakamura in [NakOl]. 

We will prove the following results on the structure of G-Cov. 

Theorem. [3.13,3.17,3.18,3.20] G-Cov is 

• flat and of finite type over Z with geometrically connected fibers, 

• smooth if and only i/ G ~ /i2, /is, /i2 x 11-2 , 

• normal if G ^ /i4, 

• reducible if \G\ > 8 and G 9^ (/i2)'^- 

The above properties continue to hold if we replace G-Cov with M-Hilb— if M — 

{0} C TO. 

We don't know whether G-Cov is integral for G ~ fi5,fiQ,fir, {fJ,2)^- So G-Cov is 
usually reducible, its structure is extremely complicated and we have little hope of 
getting to a real understanding of the components that don't contain B G. Therefore 
we will focus on the main irreducible component Zq of G-Cov. The main idea 
behind this paper, inspired by the results in [j'arOlJ, is to try to decompose the 
multiplications V'm,n G Cm+n <8) ^ ^n^ as a tensor product of sections of other 
invertible sheaves. Following this idea we will construct parametrization maps 
Tr£_: Te^ — > Zq Q G-Cov, where J-'f are 'nice' stacks, for example smooth and 
irreducible, whose objects are those decompositions. This construction can be 
better understood locally, where a G-cover over Y — Spec B is just X = Spec A, 
where A is an i?-algebra with an 7?-basis {wm}meA/, '^0 = 1 {Cm — OyVm), so that 
the multiplications are elements ipm,n G R such that VmVn — i'm.nVm+n- 
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Consider a G i?,, a collection of natural numbers £ — {£m,n)m,ni^N and set 
V'm.n = a^™ ". The condition that the product structure on A = (BmRvm defined 
by the ■(/'m,n yields an associative, commutative i?-algebra, i.e. makes Spec A into 
a G-cover over Speci?, translates in some additive relations on the numbers £m,n- 
Call the set of such collections £. More generally given £_~£^,...,£'^ £ K'^ 
we can define a parametrization 

W 3 (ai, . . . , ar) !• i^m,n = fti"'" ' ' ' Or"'" 

This is essentially the local behavior of the map Trg : J^f — > G-Cov. In the global 
case the elements will be sections of invertible sheaves. 

From this point of view the natural questions are: given a G-cover over a scheme 
Y when does there exist a lift to an object of TsiY)? Is this lift unique? How can 
we choose the sequence £_? 

The key point is to give an interpretation to (that also explains this notation) . 
Consider Z*' with canonical basis {em)m&M and define Vm.n = + e„ — em+n G 
Z'^ / < eo >. Up: Z*^/ < eo > — > M is the map p{em) = tu, the Vm,n generate 
Kerp. Now call the submonoid of Z*^/ < cq > generated by the Vm,n, K = 
Kerp its associated group and also consider the torus T = IIom(Z*^/ < eo >, Gm), 
which acts on SpecZ[i^+]. By construction we have that a collection of natural 
numbers {£m.n)m,n^M belongs to if and only if the association Vm,n — > £m.n 
defines an additive map — > N. Therefore, as the symbol suggests, we can 
identify with Hom(i4r+,N), the dual monoid of K+. Its elements will be called 
rays. More generally a monoid map — > {R, •), where i? is a ring, yields a 
multiplication ipm,n = '>P{vm,n) and therefore we obtain a map SpecZ[ii'+] — > Zq. 
We will prove that (see 3.6): 

Theorem. We have Za ^ [Spec Z[ii:+]/7l and EG ~ [Spec Z[i^]/71 . 

Given £_ = £^, . . . ,£^ £ we have defined a map tt^: F£_ — !• Zq- Notice that 
if 7 is a subsequence of £ then J-^ is an open substack J-£ and (tt^ )|jr^ = tt^. The 
lifting problem for the maps tt^ clearly depends on the choice of the sequence £_. 
Considering larger £_ allows to parametrize more covers, but also makes uniqueness 
of the lifting unlikely. In this direction we have proved that: 

Theorem. [2.22] Let k be an algebraically closed field and suppose to have a col- 
lection £_ whose rays generate the rational cone (SQ. Then J-£{k) — > ZQ{k) is 
essentially surjective. In other words a G-cover of Speck in the main component 
Zq has a multiplication of the form ^,n,n — 0^™ " for some £ £ Kf^. 

On the other hand small sequences £_ can guarantee uniqueness but not existence. 
The solution we have found is to consider a particular class of rays, called extremal, 
that have minimal non empty support. Set rj for the sequence of all extremal rays 
(that is finite). Notice that extremal rays generate Kf^ (E) Q. We prove that: 

Theorem. [2.47, 2.48] The smooth locus Zg^^ of Zq is of the form [Xq/T] where 
Xg is a smooth toric variety over Z (whose maximal torus is Specl^K]). Moreover 
■Kri : — > Zq induces an isomorphism of stacks 

) > 

Among the extremal rays there are special rays, called smooth, that can be 
defined as extremal rays £ whose associated multiplication '4'm,n = 0^"" " yields a 
cover in Z^. Set ^ for the sequence of smooth extremal rays. It turns out that 
theorem above holds if we replace rj with ^. 

If we set Pic X for the category of invertible sheaves on X and any map we also 
have: 
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Theorem. [2.52] Consider a 2- commutative diagram 

Y > T£_ 

X > G-Cov 

where X,Y are schemes and £_ is a sequence of elements of K^. If Pic X > Pic Y 

is fully faithful (an equivalence) the dashed lifting is unique (exists). 

In particular theorems above allow to conclude that: 

Theorem. [2.48, 2.53] Let X be a locally noetherian and locally factorial scheme. 
A cover X G G-Goy{X) such thatx\k(p) G ^c^i^ip)) for anyp e X withcodiiRpX < 
1 lifts uniquely to T^{X). 

An interesting problem is to describe all (smooth) extremal rays. This seems 
very difficult and it is related to the problem of finding Q-linearly independent 
sequences among the Vm,n G K+- A natural way of obtaining extremal rays is 
trying to describe G-covers with special properties. The first examples of them 
arise looking at covers with normal total space. Indeed in [Par9f] the author is able 
to describe the multiplications yielding regular G-covers of a DVR. This description, 
using the language introduced above, yields a sequence 5_ = of smooth 

extremal rays, where $a/ is the set of surjective maps M — > Z/dZ with d > 1. In 
this paper we will define a stratification of G-Cov by open substacks BG = Uq C 
Ui C ■ ■ ■ C_ U\G\-i = G-Cov and we will prove that there exists an explicitly given 
sequence £_ of smooth integral extremal rays (defined in 4.39) containing S such 
that: 

Theorem. [3.40, 4-41] have that U2 C and that tt^: — > Zq induces 
isomorphisms of stacks 

Theorem above implies that M-Hilb is smooth and irreducible (4.42). In this 
way we get an alternative proof of the result in [MacUo] (later generalized in [MSf 0]) 
in the particular case of equivariant Hilbert schemes. 

Theorem. [3.41, 4-44] X he a locally noetherian and locally factorial scheme 
and X G G-Cov(Ar). If x\k(p) G Ui for any p £ X with codim^X < 1, then x 
uniquely to J-s{X). If X\k(p) G U2 for any p Cz X with codinip AT < 1, then x lifts 
uniquely to J-£{X). 

Notice that 5_\i and only if G ~ (^^2)' or G ~ (/^s)' (4.43). Finally we prove: 

Theorem. [3.42, 4-54] X he a locally noetherian and locally factorial integral 
scheme with dimX > 1 and (charX, |M|) = 1 and Y/X he a G-cover. If Y is 
regular in codimension 1 it is normal and Y/X comes from a unique ohject of 
!Fs{X). IfY is normal crossing in codimension 1 (see 4-46) then Y/X comes from 
a unique ohject of J-^{X), where "f ^ £_ is an explicitly given sequence. 

The part concerning regular in codimension 1 covers is essentially a rewriting of 
Theorem 2.1 and Corollary 3.1 of [1 ■ . ■ ] extended to locally noetherian and locally 
factorial schemes, while the last part generalizes Theorem 1.9 of [,\P1 1]. 

Table of contents. We now briefly summarize how this paper is divided. 

Section 1. We will introduce the notion of G-covers and prove some general facts 
about them, e.g. the algebraicity of G-Cov. 
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All the other sections will be dedicated to the study of G-Cov when G is a finite 
diagonalizable group with dual group M = Hom(G, 

Section 2. G-Cov and some of its substacks, like Zq and B G, share a common 
structure, i.e. they are all of the form = [Spec Z[T+]/7^, where T+ is a finitely 
generated commutative monoid whose associated group is free of finite rank. T is a 
torus over Z and (/): T+ — Z'' is an additive map, that induces the action of T on 
SpecZ[T+]. Section 2 will be dedicated to the study of such stacks. As we will see 
many facts about G-Cov are just applications of general results about such stacks. 
For instance the existence of a special irreducible component of Xcj, as well as 
the use of ~ Hom(r+, N) for the study of the smooth locus of are properties 
that can be stated in this setting. 

Section 3. We will explain how G-Cov can be viewed as a stack of the form 
and how it is related to the equivariant Hilbert schemes. Then we will study 
the properties of connectedness, irreducibility and smoothness for G-Cov. Finally 
we will introduce the stratification C/q C {7i C • • • C J7|g|-i = G-Cov and we will 
characterize the locus Ui. 

Section 4- We will study the locus U2 and G-covers whose total space is normal 
crossing in codimension 1. 
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above all, for his continuous support and encouragement. I also acknowledge Prof. 
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thank goes to Tony larrobino, who first suggested me the relation between G-covers 
and equivariant Hilbert schemes. Finally I want to thank Mattia Talpo and Dajano 
Tossici for the countless times we found ourselves staring at the blackboard trying 
to answer some mathematical question. 

Notations 

A map of schemes /: X — > Y will be called a cover if it is finite, flat and of 
finite presentation or, equivalently, if it is affine and f*Ox is locally free of finite 
rank. If X is a scheme and p G X we set codimp X = dim Ox,p and we will denote 
with X^^^ = {p G X I codimp X = 1} the set of codimension 1 points of X. 

If N is an abelian group we set D(A^) — Hom g,.p^p^ (N. Gm) for the diagonalizable 
group associated to it, while if / : G — > S is an affine group scheme we set Os [G] = 

Given an element / = ^^OiCi e and invertible sheaves £i,...,£r on a 
scheme we will use the notation 

= (g)£rs Sym* £ = Sym*(£i, ...,£.)= 

Notice also that, if for any i we have Ci = O, then there is a canonical isomorphism 
~ O. 

Finally if X is an algebraic stack we denote with \X\ its associated topological 
space. 

1. G-COVERS 

In this section wc will fix a base scheme S and a group scheme G over it, which 
is also a cover of S. We will denote by the regular representation of G, i.e. 
^ = Os[G] with the G-comodule structure /x: — > C'sfG] induced by the 
multiplication of G. 
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The aim of this section is to introduce the notion of a ramified Galois cover and 
prove that the associated stack is algebraic. 

Definition 1.1. Given a scheme T over S, a ramified Galois cover of group G, 

f 

or simply a G- cover, over it is a cover X — T together with an action of Gt 
on it such that there exists an fppf coverings {Ui — > T} and isomorphisms of 
G-comodules 

if,Ox)iu, ^ ^\u, 
We will call G-Cov(T) the groupoid of G-covers over T. 

The G-covers form a stack G-Cov over S. Moreover any G-torsor is a G-cover 
and more precisely we have: 

Proposition 1.2. BG is an open substack o/G-Cov. 

Proof. Given a scheme U over S and a G-cover X = Spec ^ over U, X isa. G-torsor 
if and only if the map G x X — > X x X is an isomorphism. This map is induced 

by a map ® — ^ ® 0\Gu\ and so the locus over which X is a G-torsor is 
given by the vanishing of Cokcr/i, which is an open subset. □ 

Definition 1.3. The main component Zq of G-Cov is the reduced closed substack 
induced by the closure of B G in G-Cov. 

In order to prove that G-Cov is an algebraic stack we will present it as a quotient 

stack by a smooth group scheme. 

Notation 1.4. Let S be a scheme and J" e QCohS'. We define W(J") : (Sch/S')°P — > 
set as 

W{T){U -AS)= H°(f/, f*J^) 
Remember that if is a locally free sheaf of finite rank, then W(J^) is smooth, 

affinc and finitely presented over S. 

Proposition 1.5. The functor 

(Sch/5)°P — > set 

T I > {0[GT]-coalgebra structures on s^t} 

is an affine scheme finitely presented over S. 

Proof Denote by ma ■ 0[G] ^0[G] — > 0[G] the multiplication map of 0[G\. Let 
also T be a scheme over S. An element of Xq (T) is given by maps 

£/t ® S^T S^T, Ot — -> -^T 

for which ^ becomes a sheaf of algebras with multiplication m and identity e(l) 
and such that /x is a homomorphism of algebras over Ot- In particular e has 
to be an isomorphism onto .s/^ — Ot- Therefore we have an inclusion Xq C 
Hom (W(,g/ (g)^), W(^)) X which is locally scheme-theoretically defined by the 
vanishing of certain polynomials. □ 

Proposition 1.6. Aut*^ W(^) is a smooth group scheme finitely presented over 
S. 

Proof. The morphisms 

e o 4> < 1 <j) 

OsiG]" > End^ 

f I > if 8) id) o A 
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where A and £ are respectively the co- multiplication and the co- unity of ©^[G], are 
one the inverse of the other. In particular we obtain an isomorphism End*^ W(j2/) ~ 
W{Os[G]^), so that End'^ W(^) and its open subscheme Aut*^ W(^) are smooth 
and finitely presented over S. □ 

Remark 1.7. Aut*^ W(^) acts on Xq in the following way. Given a scheme T 
over S, a G-equivariant automorphism /: ^ — > s^t and (m, e) G Xg(T) we 
can set /(m, e) for the unique structure of sheaf of algebras on .s^t such that 
/ : {s^Ti w, e) — > {•s^Ti fiin, e)) is an isomorphism of OT-algebras. 

Proposition 1.8. The natural map Xq — ^ G-Cov is an Aut *^ Wiji/) -torsor, i.e. 

G-Cov ~ [Xg I Aut*^ W(^)] 

Proof. Consider a cartesian diagram 

P >Xg 

TT 

U — ^ G-Cov 

where U ]s a scheme and / : Y — > U ]s a G-cover. We want to prove that P is an 

Aut *^ Wfjz/) torsor over U and that the map P — > Xq is equivariant. Since tt is 
an fppf epimorphism, we can assume that / comes from Xq, i.e. f^^Oy = s^u with 
multiplication m and neutral element e. It is now easy to prove that 

Aut^W(i^c/) ^ P 
h I > h{m, e) 

is a bijection and that all the other claims hold. □ 

Using above propositions we can conclude that: 
Theorem 1.9. The stack G-Cov is algebraic and finitely presented over S. 

2. The stack X^. 

In the following sections we will study the stack G-Cov when G = D{M), the 
diagonalizable group of a finite abelian group M. The structure of this stack and 
of some of its substacks is in somehow special and in this section we will provide 
general constructions and properties that will be used later. Given a monoid map 

T+ Z^, we will associate a stack X^j, whose objects are sequences of invertible 
sheaves with additional data and we will study particular 'parametrization' of these 
objects, defined by a map of stack J^£ — => Af^, where will be a 'nice' stack. 

In this section we will consider given a commutative monoid T_|_ together to a 
monoid map (p ■ — ^ '^^ ■ 

Definition 2.1. We define the stack over Z as follows. 

• Objects. An object over a scheme 5 is a pair (£, a) where: 

— C = Ci,...,Cr are invertible sheaves on S; 

- T+ Sym £ is an additive map such that a{t) S £'^(*) for any 
t e T+. 

• Arrows. An isomorphism (£, a) (£',«') of objects over S is given by a 
sequence q_ = a\, . . . ,ar of isomorphisms ai : Li — ^ £ ■ such that 

CT'^(*)(a(f)) = o'(i) for any t e r+ 
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Example 2.2. Let fi, . . . , fs,gi, ■ ■ ■ ,gt G "^"^ and consider the stack of invert- 
ible sheaves Ci,...,Cr with maps O — > CJ' and O ^ Ci' . If r+ = x Z* 



and ' 



is the map given by the matrix (/i| • • • |/s|5fi| • • • \gt) then Xf^g = 



Notation 2.3. We set 

Z[r+] = Z[xt]teT+ / (xtxt' - Xt+t',xo - 1) 

and Os[T+] = Z[T+] OzOg. The scheme Spec Os[T+] over S represents the functor 
that associates to any scheme U/S the set of additive map T+ — > {Ou,*)- D(Z'') 
acts on SpecZ[T+] by the graduation degt = (j>{t). 

Proposition 2.4. Set X = SpecZ[T+]. The choice Ci = Ox and 



Cft>(t) _ 
a{t) ^ 

induces a smooth epimorphism X — > such that A'^ ~ [X/D(Z'')]. In particular 
X^ is an algebraic stack of finite type over Z. 

Proof. It's enough to note that an object of [X /'D{17')\{U) is given by invcrt- 
ible sheaves Ci^ . . . , Cr with a D(Z'')-equivariant map Spec Sym C — Spec Z[T_|-] 
which exactly corresponds to an additive map T_|_ — > Sym C as in the definition 
of X^. It's easy to check that the map X — > [X/'D{I7')] — > X^ is the same defined 



in the statement. 

Remark 2.5. Given a map U 
the induced object U X - 
t e T+ 



□ 

V X = SpecZ[T+], i.e. a monoid map T+ — ^ Ojj, 
X^ is the pair (£, a) where Ci = Ojj and for any 



Ou- 
a{t) h 



> a{t) 



We will denote by a also the object (£, o) e X^{U). 
Given two elements a,b: T+ — > Ou € ■-^^(C/) we have 

Isou{a, b) = {ai,...,areOl\ a'>'^*'>a{t) = b{t) e T+} 

Lemma 2.6. Consider a commutative diagram 

h 



T+ 



where T+,T'_^_ are commutative monoids and (p, tp, h, g are additive maps. Then 
we have a 2- commutative diagram 



SpecZfTl] 



h* 



SpecZ[r+ 



Xij, > Xff, 

(£, r; ^ Sym* C) ^ (7W , T+ A Sym* M) 



(2.1) 

where, for i = 1, . . . ,r, A4i = CP^'^^^ and b is the unique map such that 
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T+ ^ > Sym* M - 

T+ »Sym*£ C^'^^^ 

Proof. An easy computation shows that there is a canonical isomorphism A^" ~ 
£s(f) and so b{t) corresponds under this isomorphism to a{h{t)) € £'^(''(*)) = 
£g(4>{t)) ^ So the functor A is weU defined and we have only to check the 

commutativity of the second diagram in the sentence. The map SpecZ[Ty — > 
SpecZ[T-)_] — > is given by trivial invertible sheaves and the additive map 

T+ Z[T+][xi, . . .,Xr]Yl.Xi > '^[T[][xi, . . .,Xr]Yl^x, 

t I » a;tx'^(*) I > Xh{t)X^^'^ 

Instead the map SpecZ[r^] — > — > X^ is given by trivial invertible sheaves 
and the map b that makes the following diagram commutative 

T+ ' >Z[T[][xi,...,Xr]u^,. X- 

h 

n .'L[r^][yi,...,ys]u,v. y^^^'^ 

Since x,i(t)a;'^(*) is sent to a;/j(t)?/9('^(*)) = Xh(t)V'^'~''^*'^^ = a{h{t)) we find again b{t) = 

Remark 2.7. The functor X^ — > X^ sends an element a: — > Oij G X^{U) to 
the element ao h £ X^{U). Moreover, taking into account the description given in 
2.5, if a, 6: T| — > Ou e X^,{U) we have 

IsO[/(a, b) > Isot/(a o h,bo h) 

a I > a^^^^\ . . . , a^(^^) 

2.1. The main irreducible component of X^. 

Notation 2.8. A monoid will be called integral if it satisfies the cancellative rule, 
i.e. 

ya,b^c a + b = a + c b = c 

We will call T the associated group and T"** — Im(T+ — !■ T) the associated 
integral monoid of T+. This means that any monoid map r_|_ — > 5+, where 5*+ is 
a group (integral monoid), factors uniquely through T{T^*). 

From now on T+ will be a finitely generated monoid whose associated group is 
a free Z-module of finite rank. We will also call (p the induced map T — > Z*", but 
with the convention that the stack X^ will always refer to the map r+ — > U . 

Remark 2.9. If _D is a domain, then Spec D[T] is an open subscheme of Spec Z?[T'+], 
while SpecZ?[T™*] is an irreducible component of it. In particular we have 

Proposition 2.10. Let 0: T — > U he the extension of (p and set — (^jj^int. 
Then — X^ — > X^ is an open immersion, while — X^int — )■ X^ is a closed 
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one. Moreover is the reduced closed stack associated to the closure of B^, it is 
an irreducible component of and 

B4, ~ [SpecZ[T]/D(Z'')] andZ^ ~ [SpecZ[T;"*]/D(Z'-)] 

Definition 2.11. With notation above we will call respectively and the 
principal open substack and the main irreducible component of X^. 

Notation 2.12. We set 

Tl = Hom(r+, N) {£ e T* I £{T+) C N} 

and we will call its elements the integral rays for T_|_, or simply rays. Note that 
= T|"t^. Given £ = S'^, . . . e we will denote by S also the induced map 
T — > V . Moreover we set 

Suppf = {u G T+ I 3i £\v) > 0} 

Definition 2.13. Given a sequence £_ = £^ , . . . set 

w®T — — > V e 

€"i I > Si 

t\ >mi-m) 

where ei, . . . , is the canonical basis of V. We will call J^f = . 

Remark 2.14. An object oiTs_ over a scheme U is given by a sequence {C,M,z, A) 
where: 

• £ = £1, . . . ,Cr and M_ = {Me)se£ = -^i; • • • i-^s are invertible sheaves 
on U ; 

• z = (zf )f = zi, . . . , Zs are sections z-i G M f, 

• for any t G T, X{t) = \t is an isomorphism ^> Al-*-*-* additive in t. 

An isomorphism (£, M_, z_, A) — > (£', Al', z', A') is a pair (w, r) where a; = Wi , . . . , w^, r = 
Ti, . . . , Tg are sequences of isomorphisms £, A^j — ^ Al^- such that Tj{zj) = 

z'j and for any t G T we have a commutative diagram 

Al'^(*) 

An object over U coming from the atlas SpecZ[N^ ® T] is a pair (z, A) where z = 
zi, . . . , Zs G Ou and A: T — > is a group homomorphism. Given (z, A), {z', A') G 
TeiJJ) we have 

Iso^((z,A),(z',A')) = {{l^^t) G (O^)'- X {OtjY I T,z, = z,', t^(*) A(t) = ^^<^(') A'(i)} 

Definition 2.15. Given a sequence £_ = £^ , . . . ,£'^ of elements of we define the 
map 

TTf : J^f — >■ X^ 
induced by the commutative diagram 

t T+ > IT 

im-t) w ®T > 1/ ® u 
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Remark 2.16. We can describe the functor tt^ explicitly. So suppose to have an 
object X — G ^£_{U). We have ■ks_{x) — (£i a) G X^{U) where a is 

given, for any t € T+, by 

a(<) I . z^(*) 

Instead, if (w, r) is an isomorphism in J-£ , then tt^- (cj , r ) = w. 
If ^) G -FsiU) then a = 7r£(z, A) G X^{U) is given by 

r+ >Ou 

Remark 2.17. If £ = (f*)^^/ is a sequence of elements of T]^, J I and we set 
5 = {£^)j^j we can define a map over as 

•^i ' ^£ M' = [ leJ ^,^( teJ 

i£,M,z,X)\ '{C,M!,z',X) " \ O iiJ ' \ 1 liJ 

p comes from the monoid map T ®W — > T N'' induced by the projection, p is 
an open immersion, whose image is the open substack of J-f of objects {C,M_,z, A) 
such that Zi generates Aii for any i ^ J. We will often consider Ts_ as an open 
substack of J-£ . 

Definition 2.18. Given a sequence £_ — . . . of elements of we define 

= T^''--^' ={veT\yi £\v) > 0} 
We also consider the case s = 0, so that T:^ ~ T. If we denote by (p: — >■ Z*" the 

£ £ 

extension of 0, we also define X-^ — Z-^ — X^. 

Remark 2.19. Assume to have a monoid map — 5- T\_ inducing an isomorphism 
on the associated groups. If £ = e r'+ c t^, then we have a 2- 

commutative diagram 



X^i > x^ 

where F'g is the stack obtained from with respect to £_. 
Proposition 2.20. The map -Kg: Tg — > X^ has a natural factorization 

J^£_ — > xf — > — > X^ 



int 



Proof. The factorization follows from 2.19 taking monoid maps T+ — T 

rf. □ 

Remark 2.21. This shows that TTf has image in Z^.We will call with the same 
symbol -Kg the factorization J-£ — > Z^ . 

We want now to show how the rays of T_|_ can be used to describe the objects of 
Zs over a field. Here is the result. 
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Theorem 2.22. Let k he a field and T+ k e X^{k). Th en a G 2^{k) if and 
only if there exists X : T — > k and £ G T"^ such that 

ait) = AtO^(*) 

In particular if £_ ^ £^,...,£^ generate ® Q then TTg : Tgik) — > Z(f,{k) is 
essentially surjective and so irg: \J^s\ — ^ \Z(t>\ surjective. Finally, if the map 
(j) : T — > IT is injective, we have a one to one correspondence 

Z^k)/ ~ ^ {Supp£ for £ e T^} 
a I > {a = 0} 

In particular \Z^\ = Z^(Q)/ ~ U(Uprimcs p M^)/ -)• 

Before proving this Theorem we need some prehminary resuhs, that we wiU be 
useful also later. 

Definition 2.23. If T_|_ is integral, £ £ and fc is a field we define x 

P£ = ^ kxy C fc[T+] 

veT+,£{v)>0 

If p e SpecA:[r+] we set p"™ = ®^^^pkx^- 

Lemma 2.24. Let k be a field and assume that is integral. Then: 

(1) if£€TX,p£ is prime and k[{v eT+ \ £{v) = 0}] — > k[T+\ — > k[T+\/pe 
is an isomorphism. 

(2) Ifpe Spec k[T+] then p°"' = p£ for some £ eT^- 

Proof. (1) It's obvious. 

(2) p"™ is a prime thanks to [KR05, Proposition 1.7.12] and therefore p°"^ = ps 
for some £ thanks to [OruOG, Corollary 2.2.4]. □ 

Remark 2.25. If k is an algebraically closed field, 0: T — > II is injective and 
a, 6 S X^ik) differ by a torsor, i.e. there exists A: T+ — > k* such that a — Xb, then 
a ~ 6 in Z^{k). Indeed A extends to a map T — > k* and, since k is algebraically 
closed, it extends again to a map A : H — > k* . 

Proof, (of Theorem 2.22) We can assume that k is algebraically closed and that 
T_|_ is integral, since if a has a writing as in the statement then clearly a G Z^{k). 
Consider p = Kera. Thanks to 2.24, we can write p°™ = pg for some £ G T^. Set 
r| = {w € T+ I £(v) = 0} and T' T' >z . Since a: r| — s- fc*, there exists 
an extension A: T' — !• fc*. On the other hand, since fc is algebraically closed, the 
inclusion T' — > T yields a surjection 

Hom(T, fc*) — > Hom(r', fc*) 

and so we can extend again to an element A : T — > fc* . Since one has Supp £ = 
{a = 0} by construction, it is easy to check that a{t) — AtO^'-*' for any t e T+. 

Now consider the last part of the statement and so assume T — > 1/ injective. 
The map 7 is well defined thanks to above and surjective since, given £ e T^, one 
can always define a{t) = 0^'*\ For the injectivity, let a,6 G Zrj,{k) such that {a = 
0} = {6 = 0}. We can write a{t) = AtO^(*), b{t) = /itO^(*), where X,^i:T — ^ fc*, 
so that a, b differ by a torsor and are therefore isomorphic thanks to 2.25. Finally, 
since any point of jZ^j comes from Z, we also have the last equality. □ 

In some cases the description of the objects of /"g can be simplified, regardless 
of £_, in the sense that there exist a stack of reduced data 7^°^, whose objects 
can be described by less data, and an isomorphism J^g ~ -^F"^- This kind of 
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simplification could be very useful when we have to deal with an explicit map of 
monoid </>: r_|_ — > U ^ as we will see in 3.7. The idea is that in order to define an 
object (£, Al, z, A) S J^g we don't really need all the invertible sheaves £i, . . . , £r, 
because they are uniquely determined by a subset of them and the other data. 

Definition 2.26. Assume T Z'' injective. Let V C he a submodule with 
a given basis vi,. . . ,Vq and a: U — > y be a map such that (id — (t)Z'' C T 
(or equivalently tt = tt o cr where tt is the projection U — s- Cokert/)). Define 
W =< (id - a)V, aT >. Given £^£^,...£'eT)^ consider the map 



{w,z) h 



Z9 ® Z« 

{—w,£_{w) + z) 



We define T, 



and we call it the stack of reduced data of £. 



Lemma 2.27. Consider a submodule U C Z^, a map £:U — > Z' andr-.V 

V such that (id — r)Z^' C U . Consider the commutative diagram 



{u,z) 



U ®W 



reid 



{-u,£iu) + z) U'®!} 
{u,z) h 



C/©N' 
ZP ® Z' 



(rw, £{u — Tu) + z) 



Then the induced map ip: — > X.^ is isomorphic to id;f^ . 

Proof. Let xi , . . . , be a Z-basis of Z^ with ai , . . . , afc € N such that aixi, . . . , OkXk 
is a Z-basis of U. We want to define a natural isomorphism idx^ — — > <P- First 
note that it is enough to define it on the objects of X.ff, coming from the atlas 
Spec Z[U ® N'], prove the naturality between such objects on a fixed scheme T and 
for the restrictions. An object coming from the atlas is of the form {X,z) where 
A : U — !• is an additive map and z_= zi, . . . , zi e Ot- Moreover (p{X, z) = (A, z) 
where A = A o t. Let e D(Z?')(T) the only elements such that ry^' = X{xi — TXi) 
for i = 1, . . . ,p. These objects are well defined since (id — t)V C U . We claim 
that Wt,(a,z) — (^il) is an isomorphism (A,z) — >■ 'p(A,z) and define a natural 
transformation. It is an isomorphism since Izj — Zj and the condition 

holds by construction checking it on the basis aixi, . . . ,akXk of U (see 2.5). It's 
also easy to check that this isomorphisms commute with the change of basis. So it 
remains to prove that, if (21, /i) is an isomorphism (A,z) — >■ (A',z') then we have a 
commutative diagram 



(A,z) 



(A',z') 



ip{X,z) 



''t,{x' 



^(A',z') 



^TX, ^£{x,^rx,) (ggg 2.7). So it is 



We have (p{a, fj.) = {a, ji) with fl = fJ- and 
easy to check that the commutativity in the second member holds. For the first 
the condition is aji = rj'a, which is equivalent to 
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and to CT TXi) ^£_{xi _ -j-j.-'j — X'(^Xi — rxi) for any i. But, since (a, /i) 

is an isomorphism (A,z) — > (A',z'), the condition 

o:^>-'"^A(m) = X'{u) VueU 

has to be satisfied. □ 



Proposition 2.28. Assume T — !• injective and let S_ — , 
(T, y, Vi^. . . ^Vq be as in 2.26. Then we have functors 



..reT]^ and 



J^e < 



■red.cr 



{C,M,z,X) h 



q,M, Z,X\w) 



for appropriate choices of X that are inverses of each other. 
Proof. Consider the commutative diagrams 



■4, 



Z'' e 1" 
{x,y) I- 



z« ® Z'* 



-rcd,(T 



{ax, £_{x — ax) + y) 

They induce functors A: T£_ — > F^^^'"^ and A: T^^'^''^ — > Tz_ respectively, that 
behave as the functors of the statement thanks to description given in 2.6. Finally, 
applying 2.27, we obtain that A o A ~ id and A o A ~ id. □ 



2.2. Integral extremal rays and smooth sequences. We continue to use no- 
tation from 2.8. We have seen that given a collection £ = £^ , . . . E we can 
associate to it a stack and a 'parametrization' map — > X^. The stack 
could be 'too big' if we don't make an appropriate choice of the collection £_. This 
happens for example if the rays in £_ are not distinct or, more generally, if a ray 
in £_ belongs to the submonoid generated by the other rays in £_. Thus we want 
to restrict our attention to a special class of integral rays, called extremal and to 
special sequences of them. 

Definition 2.29. An integral extremal ray for is an element £ e such that 

• £ IS minimal for the condition Supp£ 7^ 0; 

• £ IS normalized, i.e. £ : T — > Z is surjective. 

Lemma 2.30. Assume that is an integral monoid and let vi, . . . ,vi he a system 
of generators ofT^. Then the integral extremal rays are the normalized £ G T^ — {0} 
such that Ker£ contains rkT — 1 Q-independent vectors among the vi, In 
particular they are finitely many and they generate Q+T^. 

Proof. Denote by C the set of elements defined in the statement. From 



,Tl. li £ e then it is an 



[Ful93, Section 1.2, (9)] it follows that 
integral extremal ray. Indeed 

^ Suppf C Supp£ =^ 3A e Q+ s.t. £' = X£ =^ Supp£' = Suppf 

Conversely let £ be an integral extremal ray and consider a writing 



<56n 



Xs6 with Xs G 



There must exists 5 such that Xs 7^ 0. So 
Supp 5 C Supp £ Supp 6 = Supp £ 



3fi G Q+ s.t. £ = 



£ = S 
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□ 

Corollary 2.31. For an integral extremal ray £ and £' G we have 

Suppf' Suppf 3A G Q+ s.t. £' ^ 3X e N+ s.t. £' = X£ 

Definition 2.32. An element v G 7+ is said indecomposable if whenever v = v' +v" 
with v', v" G T+ it follows that t;' = or v" = 0. 

Proposition 2.33. has a unique minimal system of generators composed by the 
indecomposable elements. Moreover any integral extremal ray is indecomposable. 

Proof. The first claim of the statement follows from [Ogu06, Proposition 2.1.2] since 
is sharp, i.e. doesn't contain invertible elements. For the second consider an 
extremal ray £ and assume £ — £' + £". We have 

Supp£:',Supp£:" C Suppf =^ £' ^ X£,£" = ^i£ with A,/i G N 

and so£ = {X+^i)£ =^ = 1 =^ A = or = =^ = or £" = 0. □ 

Definition 2.34. A smooth sequence for T+ is a sequence £_ = £^ , . . . ,£'^ G for 
which there exist elements wi , . . . , in the associated integral monoid T"** of 
such that 

T™* n Kerf generates Kerf and £^VJ) = Sij 

We will also say that a ray £ G — {0} is smooth if there exists a smooth se- 
quence as above such that £ £^, . . . ,£^ >fq or, equivalently such that Suppf C 
Suppf. 

Remark 2.35. If T-|_ is integral and 51 is a system of generators of it, one can always 
assume that Vi E il. Moreover we also have that fl n Kerf generates Kerf. 

Finally the "equivalently" in definition 2.34 follows from the fact that, since Kerf 
is generated by elements in T™*, then the inclusion of the supports implies that 
^\ Kerf — and therefore f = ^ ■ £{vi)£^. 

Lemma 2.36. Let f = f ^, . . . ,f be a smooth sequence. Then 

rf = Kerf® <vi,...,Vr >nC T where wi . . . , G T™*, £\vj) = Sij 

Moreover, if zi,...,z, G Tf* generate T™*, then Z[Tf] = Z[T|"*]n^^^^^^ so 
that SpecZ[r^] (<-f|") is a smooth open subscheme (substack) o/ Spec Z[T|_"*] {Z^). 

Proof. We have T = Kerf < wi, . . . , >z and clearly Kerf < vi,. . . ,Vq >nQ 
T^. Conversely if i? G T— we can write 

f = z + £^{v)vi with z G Ker£ =^ G Ker£.© < . . . , z;^ >m 

In particular SpecZ[T— ] ~ x Z3z(Kerf) and so both SpecZ[T— ] and A"^ are 
smooth. Now let 

I={i \ £{z,) = 0} and 5*+ =< T;"*, -Zi for i G / >C T 

We need to prove that 5+ = T—. Clearly we have the inclusion C. For the other 
one, it is enough to prove that - Kerf n T|"* C 5"+. But if w G Kerf n T]"* then 

S 

□ 
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Remark 2.37. Any subsequence of a smooth sequence is smooth too. Indeed let 
6 — £^,...,£'' a subsequence of a smooth sequence £_ = £^ , . . . , with r > s. We 
have to prove that < Ker^n T|"* >z= KerS. Take v G Ker^. So 

r 

V- £^{v)vj e Kerf Kerf nT™* >zC< Ker^nT™* >z=^ v e< Kei SpT!^ 

j=s+l 

Proposition 2.38. Let £ G T^. Then £ is a smooth integral extremal ray if and 
only if £ is a smooth sequence of one element, i.e. Kerf H T|"* generates Kerf 
and there exists v G T-|_ such that £{v) = 1. 

In particular any element of a smooth sequence is a smooth integral extremal ray. 

Proof. We can assume T+ integral. If f is smooth and extremal, then there exists 
a smooth sequence f ^, . . . ,f such that f G< f ^, . . . ,£'^ >n- Since f is indecom- 
posable, it follows that f = f * for some i. Conversely assume that f is a smooth 
sequence. So it is smooth by definition and it is normalized since £{v) = 1 for some 
V. Finally an inclusion Supp5 C Suppf for S G means that S G< f >n, as 
remarked in 2.35, and so Supp(5 = or SuppJ = Suppf. □ 

We conclude with a lemma that will be useful later. 

Lemma 2.39. Let r_|_, be integral monoids and h: T — > T' be an homomor- 
phism such that h{T+) = T| and Ker h Ker/i n T+ >. If £ f \ . . .f^ G T\_'^ 
then 

f smooth sequence for f o ft, smooth sequence for 

Proof. Clearly there exist Vi G such that f '(wj) — Si j if and only if there exist 
Wi G such that f* o h{wj) = Sij. On the other hand we have a surjective 
morphism 

Kerf o/i/ < Ker£ohr\T+ >z — > Kerf / < Kerf nr| >z 

In order to conclude it is enough to prove that this map is injective. So let w G T 
such that 

h{v) = OjZj with flj G Z. Zj G T^, £.{zj) = 
j 

Since h(T^) = T^, there exist yj G T+ such that h{yj) — Zj. In particular y = 
J2j (ijUj G< Ker f o /i n T+ >z and 

v-y e Ker/i =< Ker/i n r+ >C< Kerf o ft n T^. > 

□ 

2.3. The smooth locus Z|™ of the main component Z^. 

Lemma 2.40. Let f = f ^, . . . , f be a smooth sequence and x be a finite sequence 
of elements of . Assume that all the elements of x o.f^ distinct, each f* is an 
element of x o.'^^d that for any S in x we have 

Se<£\...,£'^ >N =^ 3a = r 

As usual denote by tt^ the map J-^ — > X^. Then we have an equivalence 

Proof Set X = , ■ ■ ■ ^S'' , ■ ■ ■ = We first prove that Tr~^{X^) C Ts_. 

Since they are open substacks, we can check this over an algebraically closed field 
k. Let (z. A) G 7r-i(A'^) so that a = n^{z,X) = #/A: T+ — ^ fc by 2.16. We have 
to prove that z,,^ 0. Assume by contradiction that z^^. — 0. Since we can write 
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a = 60''^ and since a extends to Tip so that a{t) ^ if t £ r+ n Ker £, we have that 
rjj is on T_|_ n Kerf. In particular 

Supp77^ C Supp£ =^ ri^ e< . . >n =^ 3i ?/■' = f * 



Thanks to 2.17, we can reduce to prove that if f is a smooth sequence such that 
T-|_ = T— then tt^ is an isomorphism. By 2.36 we can write r+ = Vl^QN', where W 
is a free Z-module sue 
base of N«, £^{vi) = 5.. 



is a free Z-module such that = and, if we denote by vi 



. , Vq the canonical 



Jij. Consider the diagram 



Z'JffiZ'^ 



7 



17 



7(ei) = v^, = -idw, 7(wi) = 
(5(ei) = <5|zr = idz- 



One can check directly its commutativity. In this way we get a map s : — > . 
Again a direct computation on the diagrams defining s and tt^ shows that tt^- o s ~ 
id;t , and that the diagram inducing G — s o tts is 



z« ® z'- 



N« © © Z9 



a{ei) — Gi — Vi,a^^/ = id^^^, a^^i = 



Z'?©Z'' 



We will prove that G ~ idjF^. An object of T£_{A), where A is a ring, coming 
from the atlas is given by a = {z_, X, fi): © ffi Z'' — > A where z_ = {a{ei))i = 
zi,...,Zq e A, A = : W — > A* is an homomorphism and fi = = 
fjLi . . . , G A* . Moreover Ga = a o a is {{zi/ A,l). It is now easy to check 
that (/^, 1) : Ga — > a is an isomorphism and that this map defines an isomorphism 
G — Tid^^. □ 

Corollary 2.41. If £_ is a smooth sequence then tt£ : — > is an open immer- 
sion with image X^. 

It turns out that if f is a smooth sequence, then X-^ has a more explicit descrip- 
tion: 

Proposition 2.42. Let £_ = £^,...,£^ be a smooth sequence, k be a field and 
a E X^{k) 

aeXfik) ^ 3£ e<£\...,£'^ >n, A: T — >k* s.t. a = AO^ 

Moreover if e xf{k), for some £ G , A : T — > k , then £ G< . . . , >n. 

Proof. We can assume k algebraically closed and T+ integral. In this case a G X^{k) 

if and only if a : r+ — > k extends to a map Ker £ © N'' = T— — > k. So holds. 

Conversely, from 2.22, we can write a — AO^ where A: T — > k* and £ G (T—) . 

From 2.36 we see that if"^ =< £\...,£'' >n. Finally, if AO^ G xf for some £, 
then Supp £ C Supp £_ and we have done. □ 
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Lemma 2.43. Let £_ = be a sequence of distinct smooth extremal rays and 

Q be a collection of smooth sequences with rays in £_. Set 

Then, taking into account the identification made in 2.17, we have 

Proof. Let x — {£^iAl,z_, A) e Usee •^i(^)' some scheme T and let p e J n 
••• n V{ziJ. This means that the pullback of TTe_{x) to k{p) is given hy a — 
bO^ i-£ ' for some b: — !• k{p). By definition there exists 6 £ <d such that 
a e J^s_{k{p)), i.e. a = /iO for some S e< ^ >n, /i: T — !> k{p) . So 

Suppf'^ C {a = 0} = Supp(5 C Supp^ => e< S >n 

For the other inclusion, since all the are open substacks of we can reduce 
to the case of an algebraically closed field k. So let (z, A) £ J^f{k) and set J = {i G 
I \ Zi = 0}. By definition of there exists 5 S 8 such that r; = {£^)j^j C ^ and, 
taking into account 2.17, this means that a £ T,-i{k) C Fs(k). □ 

Definition 2.44. Let be a collection of smooth sequences. We define 
X® = U SpecZ[T|] C SpecZ[T+] and ^ X^^ ^ 

Theorem 2.45. Let£_ — be a sequence of distinct smooth integral rays and 

Q be a collection of smooth sequences with rays in £_. Then we have an isomorphism 

Tl = .,\X^)^X^ 

Proof. Taking into account 2.43, it is enough to note that 



= ^£ U 4) = U ^^ns = U ^ -^1 
See See see 



□ 



Proposition 2.46. Let £_ = be a sequence of distinct smooth integral rays 

and Q be a collection of smooth sequences with rays in £_. Then the set 

A® = {< 77i,...,77r >Q+ I 3^e 6 s.t. 77i,...,?7^ C ^} 

is a toric fan in Q whose associated toric variety over Z is . Moreover 

X^ ^ [X|^/D(Z'-)] 

Proof. We know that if r/ is a smooth sequence then SpecZ[r^] is a smooth open 
subset of SpecZ[T™*] and it is the affine toric variety associated to the cone < 
rj >Q_,.. It is then easy to check that A® is a fan whose associated toric variety is 
X?. Since SpecZ[r^] is the equivariant open subset of SpecZ[T™*] inducing Xj 
in Z^, then is the equivariant open subset of SpecZ[T|"*] inducing X^ . In 
particular we obtain the last isomorphism. □ 

Lemma 2.47. Assume integral and set Q for the set of all smooth sequences. 
Then Xf is the smooth locus o/SpecZ[T+]. In particular Z^^'" = [^0 /D(Z'')]. 
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Proof. From 2.36 we know that Spec Z[T^] is smooth over Z and it is an open subset 
of SpecZ[T+]. So we focus on the converse. Since SpecZ[T+] is flat over Z, we can 
replace Z by an algebraically closed field k. Let p S Spec fc[T+] be a smooth point. 
In particular p°™ is smooth too. If = then p E Spec k[T] and we have done. 
So we can assume p°™ — p£ for some ^ £ E thanks to 2.24. We claim that 
there exist a smooth sequence . . . ,£'^ such that £ E< £^, . . . ,f * >n- This is 
enough to conclude that p E Spec k[T^] . Indeed if E p for some w E Ker f n r+ 
then it belongs to p°"^ — pg and so £{w) > 0, which is not our case. 

So assume to have £ E such that ps is a regular point. Set W =< Ker£ n 
T+ >z and T[ = T+ + W. Note that Specfc[T|] is an open subset of Specfc[T+] 
that contains p£. Moreover k[T\]/p£ — k[W]. Let vi, . . . ,Vq E he elements such 
that 

T[ ^< vi, . . . ,Vq >ti +W and £ivi) > 

with q minimal. Wc claim that A/ — Ps/Pg — k\W]'' , where pg is thought in 
A:[r^]. Indeed M is a fc- vector space over the x^, v E T'j^ that satisfies: £{v) > 
and whenever we have v — v' + v" with v',v" E it follows that £{v') = or 
£{v") = 0. A simple computation shows that such a v must be of the form Vi + W 
for some i. But since we have chosen q minimal we have {vi + W) n {vj + W) = 
if i ^ j. This implies that M is a free fc[iy]-module with basis x^^, . . . ,Xv^. This 
shows that q = htp£. 

Now set V vi,. . . ,Vq >z- Since V + W ^ T , rkV < q and 

k[W] ~ k[T[_]/p£ =^ rkT = dimfc[T|] = htp£ + dim k[W] = q + rkW 

we obtain that vi, . . . ,Vq are independents. Let £^, . . . ,£'' given by £^{vj) = 5ij 
and £J^y^r = 0. In particular W = Kerf and it is generated by elements in T^. Since 
^IVK = we have 

9 

£ = J2£M£' £iv,)>0 

i=l 

Moreover since r+ C T[_ and £' E T% we get that £' eT^, as required. □ 

Theorem 2.48. If £_ is a sequence of distinct indecomposable rays containing the 
smooth integral extremal rays then tt£ induces an equivalence 



{LM,z,5)eF£ 



n • • • n J - 

if f '1 ,...£^- IS not a J> = tt^ ^ 
smooth sequence 



Proof. 2.47 says us that — , where 8 is the collection of all smooth se- 
quences, while 2.40 allows us to replace £_ with the sequence of all smooth extremal 
rays. Therefore it is enough to apply 2.45 and 2.46. □ 

Proposition 2.49. Let a: — > k E X^{k), where k is a field. Then a lies in 
-Z™ if and only if there exists a smooth ray £ E and A : T — > k such that 
a = AO^. 

Proof Apply 2.48 and 2.42. □ 

2.4. Extension of objects from codimension 1. In this subsection we want to 
explain how it is possible, in certain cases, to check that an object of over a 'good' 
scheme X comes (uniquely) from J^£ only checking what happens in codimension 
1. 

Notation 2.50. Given a scheme X we will denote by Pic X the category whose 
objects are invertible sheaves and whose arrows are maps between them. 
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Proposition 2.51. Let X Y be a map of scheme. If Pic Y Pic X is fully 

faithful (an equivalence) then also X^(Y) X^{X) is so. 

Proof Let (£, a), (£', a') S X^{Y) and a: f*{C,a) — > f*{C!,a') be a map in 
X^{X). Any map CTj : /*£, — > f*^i comes from a unique map Tj : £j — > Ci, i.e. 
CTi = f*Ti. Since 

/*(T^W(a(i))) = = f*{a'{t)) =^ T^^'\a{t)) = a'{t) 

T is a map (£, a) — !► (£', a') such that /*r = a. We can conclude that /* : X^iY) — ) 
X^{X) is fully faithful. 

Now assume that FicF ^ PicX is an equivalence. We have to prove that 

X^{Y) X<i,{X) is essentially surjective. So let {M,b) e X^{X). Since /* 
is an equivalence we can assume M.i = f*Ci for some invertible sheaf £, on Y . 

Since for any invertible sheaf £ on Y one has that L{Y) ~ {f*jC){X), any section 
b{t) e M^'*' extends to a unique section a(t) € £ . Since 

f*{a{t) ^ a(s)) = b{t) (g) b(.s) = b(t + s) = f*{a{t + s)) =^ a{t) ® a{s) = a{t + s) 

for any t,s e T+ and a(0) = 1, it follows that (£,a) e X^{Y) and f*{C,a) = 
{M,b). □ 

Corollary 2.52. Let X — > Y be a map of schemes and consider a commutative 
diagram 

X > -Pe 

Y > 

where £_ is a sequence of elements of T^. Then if Vic X -^-^ Pic Y is fully faithful 
(an equivalence) the dashed lifting is unique (exists). 

Proof. It is enough to consider the 2-commutative diagram 

FsiY) T£{X) 

X^{Y) X^{X) 

and note that /* is fully faithful (an equivalence) in both cases. □ 

Theorem 2.53. Let X he a locally noetherian and locally factorial scheme, £_ = 
{£^)i^i he a sequence of distinct smooth integral rays andQ be a collection of smooth 
sequences with rays in £_. Set 



'^^ = {{L,M,z,5)&Ts_{X) 

and 



codimx V(ziJ D • • • n V{zi^) > 2 
if$See s.t. £^\...£^' C 5 



r / S X with codimp X <1 \ 

nee of categories 



Then tt^ induces an equivalence of categories 
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Proof. We claim that 

= {X e J'siX) \3U QX open subset s.t. codimx X -U >2, x\u ^ J'iiU)} 
C Taking into account the definition of in 2.43, it is enough to consider 

u = x~ y v{z,,)n---nv{z,j 

$Se0 s.t. £^i,...£'^CS_ 

3 If p e n • • • n V{ziJ and codinipX < 1 then p E U and again by 

definition of there exists 6_£ such that , . . . , C 5_. 
We also claim that 

^^^{xe X^{X) \ 3U QX open subset s.t. codim^ X-U>2, x\u <^ Xf{U)} 
3 Such a U contains all the codimension 1 or points of X . 
C Let X S ^^"i ^<P t>e the induced map. If ^ is a generic point of X, 

we know that /(^ € \X^^\ C \Z^\. In particular f{\X\) C \Z^\. Since both X and 

are reduced g factors to a map X — ^ 2^^. Since A"® is an open substack of Z^, 
it follows that U — g^^{X^) is an open subscheme of X, x\u G X^{U) and, by 
definition of , codimx X -U >2. 

Taking into account 2.45 it is clear that = 7rg^(i^^). We will make use of 
the fact that ii U C X is an open subscheme such that codimx X — U >2 then the 
restriction yields an equivalence PicX ~ Pic U. The map — f^® is essentially 
surjective since, given an object of i^®, the associated map X — ^ X^ fits in a 
2-commutative diagram 

X x^ 

and so lifts to a map X — > F£_ thanks to 2.52. 

It remains to show that "^^f — > is fully faithful. Let x, x' € and [/, U' 
be the open subscheme given in the definition of "^^f . SeiV = UCMJ'. Taking into 
account 2.51 and 2.45 we have 

Hom^^(x)(x,x') > Hom;t._^(x)(x,x') 

\l \l 
Hom^^(y)(X|v,x'y) > Hom;i.^(y)(x|v,x'y) 

\l \l 
Homjre(y)(xn/,Xiy) ^o^^^xf (v)i.X\v ,x\v) 

□ 

3. Galois covers for a diagonalizable group 

In this section we will fix a finite diagonalizable group scheme G over Z and 
we will call M = IIom(G,Gm) its dual group. So M is a finite abelian group 
and G — D{M). With abuse of notation we will write Ou[M] — Ou[Gu] and 
Zm = -Zi3(M)j the main component of D(A/)-Cov. It turns out that in this case 
D(M)-covers have a nice and more explicit description. 

In the first subsection we will show that D(A/)-Cov ~ for an explicit map 

T_|_ — ^ Z*^/ < eo > and that this isomorphism preserves the main irreducible com- 
ponents of both stacks. Moreover we will study the connection between D(M)-Cov 
and the equivariant Hilbert schemes M-Hilb— and prove some results about their 
geometry. 
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Then we will introduce an upper semicontinuous map |D(M)-Cov| — > N that 
yields a stratification by open substacks of D(M)-Cov. We will also see that {h = 0} 
coincides with the open substack of D(M)-torsors, while {h < 1} lies in the smooth 
locus of Zm and can be described by a particular set of smooth integral extremal 
rays. This will allow to describe the D(M)-covers over locally noetherian and 
locally factorial scheme X with (charX, |M|) = 1 whose total space is regular in 
codimension 1 (which, a posteriori, is equivalent to the normal condition). 

3.1. The stack D(M)-Cov and its main irreducible component Zm- Con- 
sider a scheme U and a cover X = Spec^ on it. An action of D(M) on it consists 
of a decomposition 



such that Ojj C ._b/q and the multiplication satisfies the rules ® s^n — > s^m+n ■ 
If X/U is a D(M)-cover there exists an fppf covering {[/j — > U} such that ~ 
[M] as D(M)-comodule. This means that for any m G M we have 

Vi {sim)\Ui — =^ invertible 

Conversely any M-graded quasi-coherent algebra = ^rneM ■^m with ^ = Ou 
and invertible for any m yields a D(M)-cover Specie/. 

So the stack D(M)-Cov can be described as follows. An object of D(M)-Cov([/) 
is given by a collection of invertible sheaves Cm for m e M with maps 

^m,n '• Cm Cn ^ Cm+n 

and an isomorphism Ou — Cq satisfying the following relations: 

Commutativity Associativity 




Cm+n 



Cm® Ct ^ Cm ® Cn+t 

■4'm,n'S)i<i 

Cm+n Cf > Cm+n+t 



Neutral 
Element 




If we assume that Cm = OuVm, i-e. to have sections Vm generating Cm, the 

maps ■ipm,n can be thought as elements of Ou and the algebra structure is given by 
I'm^n — ipm.nVm+n- In this casc wc Can rewrite the above conditions obtaining 

(3.1) Vm.n = V'n,m, V'm.O = 1, V'm,n'0m+n,t = ^n,t^n+t,rn 

The functor that associates to a scheme U the functions tjj: M x M — > Ou satis- 
fying the above conditions is clearly representable by the spectrum of the ring 

(3.2) Rm — ^[^m,n]/(^m,n »^n,m)»^m,0 '^m^n'^m+n,t ^ri,t^n+t,m) 

In this way we obtain a Zariski epimorphism Spec Rm — > D(M)-Cov, that we will 
prove to be smooth. We now want to prove that the stack D(M)-Cov is isomorphic 
to a stack of the form X^. 

Definition 3.1. Define as the monoid quotient of f^'^^^ by the equivalence 
relation generated by 

Also define : K+ — ^ / < eo > by (j)M{em,n) =&m + en- em+n- 
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Proposition 3.2. Rm = ^[^^'+] OLi^d there exists an isomorphism 
(3.3) X^,, ~ D(A/)-Cov 

such that Spec _Rm — SpecZ[i^+] — > '^iHi — D(A/)-Cov is the forgetful map. In 
particular 

D(Af)-Cov~ [Speci?A//D(Z^V < eo >)] 

Proof. The required isomorphism sends (£, Sym* £) e X^f,^, to the object 

of D(M)-Cov given by invertible sheaves — C^^) and ipm.n = ■0(em,n)- D 

We want to prove that the isomorphism 3.3 sends Z^j^^ to Zm (see def. 1.3) 
and B,pj^j to BD(M). We need the following classical result on the structure of a 
D(M)-torsor (see [SGA3Exp8, Proposition 4.1 and 4.6]): 

Proposition 3.3. Let M be a finite abelian group and P — > U a T){M)-equivariant 
map. Then P is an fppfT)(M)-torsor if and only if P (z D(M)-Cov(J7) and all the 
multiplication maps are isomorphisms. 

Now consider the exact sequence 

> K ^ Z*V < eo > ^ M > 

Cm I > m 

Definition 3.4. For m, n E M we define 

and K-f- as the submonoid of K generated by the Vm,n- We will set Xm.n = x""^ " £ 
Z[K+] and, for £ e K^, = £(«,„,„). 

Lemma 3.5. The map 

k+ > K 

^m,n I > '^m,n 

is the associated group of Kj^ and is its associated integral monoid. In particular 
we have a 2- cartesian diagram 

SpecZ[ii:] > SpecZ[i^+] > Spec Rm 

i 

BD(Af) > Zm > D(M)-Cov 

Proof. Set X = „ Xm,n- Since an object ij} € Spec Rm{U) is a torsor if and only if 
ipm,n & O^j for any m,n, it follows that (Speci?^)^ = BD(A/) 'Xri{M)-Cov Spec Rm ■ 
We want to define an inverse to {Rm)x — > 1j[K]. If Sm is the universal algebra 
over Rm and we call Wm a graded basis of Sm with wq = 1, (Sm)x is an D(Af )- 
torsor over {Rm)x and so Wm G ('5'Af)J for any m. In particular we can define a 
group homomorphism 

Z*V < eo > > {SmTx 

I > 

which restricts to a map K — > {Rm)x that sends w„i,ti to Xm,n- In particular the 
map if+ — > K defined in the statement gives the associated group of and has 
as image exactly K+, which means that is the integral monoid associated to 
K+. 

In order to conclude the proof it's enough to apply 2.9 and 2.10. □ 
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Corollary 3.6. The isomorphism X^^j ~ D(Af)-Cov (3.3) induces isomorphisms 
B^j^i ~ BD(Af) and Zij^j^j ~ Zm- In particular Zm is an irreducible component of 
D(A/)-Cov and 

BD{M) ~ [SpecZ[K]/D{Z'^^ / < eo >)] and Zm ^ [Spec Z[ii'+]/D(Z*V < cq >)] 

Note that the induced map (j)M- K — > Z^^/ < eg > is just the inclusion and so 
it is injective. This means that any result obtained in section 2 applies naturally in 
the context of D(Af )-covers. In particular now we show how we can describe the 
objects of for a sequence of rays in iC^, in a simpler way. 

Proposition 3.7. Let M ~ Y\^^^'L/liL he a decomposition and let rrii, . . . , m„ 
he the associated generators. Given £_ — £^ , . . . ,£'' G define J^™*^ as the stack 
whose objects over a scheme X are sequences C = Ci,..., Cn,M_ ~ A4i, . . . ,Mr,z = 
zi, . . . , fj. = /ii, . . . , /i„ where C, M_ are invertihle sheaves over X , zi £ A4i and 
fi are isomorphisms 

Then we have an isomorphism of stacks 

J's > J-f d 

i£L,M,Z,X) I . iiC,ni)i=l,...,n:M,Z,{\{kemJ)t=l,...,n) 

Proof. We want to find a, V, ui, . . . , Uq as in 2.26 such that = and 

that the map in the statement coincide with the one defined in 2.28. Set J' : AI — > 
{0, . . . ,li — 1} as the map such that ni{m) = Tri{6'!^mi), where iVi : AI — > Z/ZjZ, 
and think it also as a map : Z^/ < eo > — > Z. Set V = ©"=1 Zcm-, Vi — 
and a: 1^ / < eo >—^ V as (T(e„) = J^'Li ^L^i- Clearly (id-(7)Z*V < eo >C K 
and (id - a)V = 0. So W = aK. We have 

n n 
i=l 1=1 

since for any i ^ £ {0, /i}. On the other hand cr(i'(i.-i)mi.mi) — h^i- Therefore 
we have W = h^Vi. It's now easy to check that all the definitions agree. □ 

We now want to express the relation between D(A/)-Cov and the equivariant 
Hilbert scheme, that can be defined as follows. Given m = mi, . . . ,to,. e M, so 
that D(Af) acts on = Spec Z[a;i , . . . , Xr] with graduation deg Xi = mi, we define 
M-Hilb— : Sch°P — > set as the functor that associates to a scheme Y the pairs 

[X Y,j) where X G D(i\/)-Cov(y) and j : X — > Ay is an equivariant closed 
immersion over Y. Such a pair can be also thought as a coherent sheaf of algebras 
G D(A/)-Cov(y) together with a graded surjective map Oy[xi, . . . ,Xr] — > ■ 
This functor is proved to be a scheme of finite type in [ ] . 

Proposition 3.8. Letm = mi, . . . , G M. The forgetful map -dm'- M-Hilb— — > 
D(Af)-Cov is a smooth zariski epimorphism onto the open substack D(Af)-Cov— 
of D(Af )-Cov of sheaves of algebras si such that, for any y £ Y , ® fc(y) is 
generated in the degrees mi,...,mr as a k{y)-algebra. Moreover M-Hilb— is an 
open suhscheme of a vector bundle over D(Af )-Cov— . 

Proof. Let jz/ = ®„ieM=2^i G D(A/)-Cov and consider the map 

77^ : Sym(^™j ® • • • ® s^rn,.) — > si 
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It's easy to check that ij^ is surjective if and only if ^ S D(M)-Cov— . Therefore 
D(M)-Cov— is an open substack of D(M)-Cov and clearly contains the image of 
"ffm- Consider now a cartesian diagram 



M-Hilb^ 

B{M)-Cov^ 



and let U — > T be a map. F{U) is given by a graded surjection Ou[xi, . . . , Xr] — > 
SS and an isomorphism SS ~ This is equivalent to giving a graded surjection 

Ou\x\, . . . , Xr] — > <p*.s/. In this way we obtain a map 

F ^ l[UomT{OT,^m.) SpecSym(0<;/) 

i i 

We claim that this is an open immersion. Indeed given {ai)i : U — Yii Hom yfOr. ^mj, 
the fiber product with F is the locus where the induced graded map Ou [xi, . . . , Xr] — > 

®Ojj is surjective, that is an open subscheme of U . In particular F is smooth and 
so "dm is smooth too. It's easy to check that it is also a zariski epimorphism. Finally 
the vector bundle M of the statement is defined over any U — > D(M)-Cov— given 
by ^ = 0„ i4n by M\v = (Si^^m!- ° 

Remark 3.9. If the sequence m contains any elements of M—{0}, then D(M)-Cov— = 
D(M)-Cov. Therefore in this case M-Hilb^ is an atlas for D(M)-Cov. 

Remark 3.10. We have cartesian diagrams 

Wm > Vrn > Um > SpeC Rm 

D(Z"/<eo>) open I vector I open I 

torsors immersions bundles immersions 

M-Hilb^ > Hrn > D(M)-Cov^ D(M)-Cov 

In particular, since BD(M) C D(M)-Cov— , we can conclude that i}:^{Zm) is the 
main irreducible component of M-Hilb— . Moreover the above diagram shows that 
M-Hilb— and D(M)-Cov— , as well as their main irreducible components, share 
many properties like smoothness, connection, integrality, reducibility. 

We want now study some geometrical properties of the stack D(M)-Cov and, 
therefore, of the equivariant Hilbert schemes. 

Remark 3.11. The ring Rm can be written as quotient of the ring '^[xm,n]{m,n)eJ': 
where J is {{m,n) £ \ m,n,m + n 0} divided by the equivalence relation 

{m,n) ^ {n,m), by the ideal 

J — ( Xm,nXm+n,t " Xn,tXn+t,m with TU, H, t, TU + U, U + t, m + U + t ^ and m t, \ 

~ \ x-m,tx-m+t,m - X-m,sX-m+s,m with m,s,t^O and distinct J 

Indeed the first relations are trivial when one of m, n, t is zero or m = t, while if 
m + n = yield relations Xm-m = X-m,tX-m+t,m- Using these last relations we 
can remove all the variable Xm,n with e {m, n, m + n}. 

Remark 3.12. There exist a map /: K+ — )■ N such that for any m, n 7^ we have 
f{^m,n) = 1 if TO + n ^ 0, f{em,-m) = 2 Otherwise. In particular f{v) — only 
i{ V = 0. Moreover / induces an N-graduation on both {Rm ® A) and ig) A, 

where ^ is a ring, such that the degree zero part is A and that the elements 
Xm,n with m + n 7^ are homogeneous of degree 1. / is obtained as composition 

K+ — )-K C Z^/ < eo >-^ Z, where /i(e„) = 1 if to 7^ 0. 
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One of the open problems in the theory of equivariant Hilbert schemes is whether 
those schemes are connected. As said above M-Hilb— is connected if and only if 
D(M)-Cov— is so. What we can say here is: 

Theorem 3.13. The stack D(Af)-Cov is connected with geometrically connected 
fibers. If M — {0} C m, then M-Hilb— has the same properties. 

Proof. It's enough to prove that Spec i?M <E) k is connected for any field k. But 
Rm <8) k has an N-graduation such that {Rm ^ fc)o = fc by 3.12 and it is a general 
fact that such an algebra doesn't contain non trivial idempotents. □ 

We now want to discuss the problem of the reducibility of D(A/)-Cov. 

Definition 3.14. Let X be a scheme over a base scheme S. X is said universally 
reducible over S if for any base change S' — > S the scheme X Xs S' is reducible. 
A scheme is universally reducible if it is so over Z. 

Remark 3.15. It's easy to check that X is universally reducible over S if and only 
if all the fibers are reducible. 

Lemma 3.16. // there exist m, n, t, a G M such that 

(1) m,n,t are distinct and not zero; 

(2) a 0,m, n, t, m—n, n—m, n—t, t—n, m—t, 2m— t, 2n—t, m+n—t, m+n—2t; 

(3) 2a ^ m + n - t; 

then Spec i?M is universally reducible. 

Proof. Let fc be a field and / ~ (x"' — x^') be an ideal of k[xi,. . . ^Xr] — k[x\. 
We will say that a G N'' is transformable (with respect to /) if there exists i such 
that ai < a or Pi < a. Here hy a < j3 € W we mean aj < f3j for all j. A 
direct computation shows that ii x" — x^ ^ I and a (3, then both a and /? are 
transformable. 

We will use the above notation for the ideal / defining Rm <^ k as in 3.11. 
In particular the elements ai,f3i G N"^ associated to the ideal / are of the form 
eu,v + Su+v.w with u,v,u + v,w,u + V + w ^ 0. 

Set fi = rim.n^™."- S"^ce Rm <E) k — > k[K+] C k[K] = {Rm <E) k)^, there 
exists TV > such that P — Ker{RM ^ k — > fc[if+]) = Ann/i^. Our strategy 
will be to find an element of P which is not nilpotcnt. Since P is a minimal 
prime, being SpecA:[_R'+] an irreducible component of Spec i?M k, it follows that 
Rm <Si k is reducible. Now consider a = Ca.m-a + em+n-t-a.t+a-m + et+a-n,n-a, 

P = e„i+n-t-ad+a-n + ea,n-a + e„i-a,t+a-rn G N"' and Z = x"" - Xp . We wiU show 

that /iz — 0, i.e. z G P and that z is not nilpotent. First of all note that z is well 
defined since for any e„^„ in a or /? we have u,v ^ and ^ u + v € {m, n, t} thanks 
to 1), 2). Let Sm be the universal algebra over Rm, i-e. Sm — ®meM ^i^i'^m with 
VmVn = Xm.nVm+n and vq — 1. By construction we have 

{VaVm-a)iVm+n-t-aVt+a-m)ivt+a-nVn^a) ^ X^VmVnVt = 
{Vm+n-t-aVt+a — n 

){v 

So xpXm,nXm,+n,tVm,+n+t = xP Xm,nXm+n,tVm+n+t and therefore z/i = 0, i.e. z e P. 

Now we want to prove that any linear combination 7 = aa + 6/3 G N"^ with 
a, 6 G N is not transformable. First remember that each e„_^ in 7 is such that 
M + w G {to, n, t}. If we will have e„_^ + e^+v.w < 7 then there must exist Cij < 7 
such that i G {m^n,t} or j G {m^n,t}. Condition 2) is exactly what we need to 
avoid this situation and can be written as {a, m ~ a,m + n — t ~ a,t + a — m.t + 
a — n,n — a} Ci {to, n, t} = %. 

In particular, if we think K+ as a quotient of N'', we have that = a'a+b'(3 

in if and only if they are equals in N"^. Assume for a moment that a 7^ /3 in 
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N''. Clearly this means that a and /? are Z-independent in Z . Since any linear 
combination of a and /? is not transformable, it follows that x" , are algebraically 
independent over k in Rm ® k and, in particular, that z ~ x" ^ xP cannot be 
nilpotent. So it remains to prove that a ^ /? in N"^ . Note that for any i e {m, n, t} 
there exists only one e^.v in a such that u + v — i and the same happens for /3. So, 
a a = /3 and since m,n,t are distinct, those terms have to be equal, for instance 
Sa.m-a = Gm+n-t-a.t+a^n- But a m + n - t - a hy i) , whilc a 7^ i + a - n since 
t n. Therefore a ^ /3. □ 

Corollary 3.17. // |M| > 7 and M i± {'L/2'Lf then D(M)-Cov is universally 
reducible and the same holds for M-Hilb— provided that m contains any element of 
M-{0}. 

Proof. We have to show that Rm is universally reducible and so we will apply 3.16. 
li M = C X T, where C is cyclic with |C| > 4 and T ^ we can choose: m a 
generator of C, n = 3m, t = 2m and a ^ T — {0}. If M cannot be written as above, 
there are four remaining cases. 1) AI ~ Z/8Z: choose m = 2, n — i, t — 6, a — 1. 

2) M cyclic with \M\ > 8 and ^ 10: choose m = 1, n = 2, t = 3, a 5. 3) 
M ~ (Z/2Z)' with / > 4: choose to = ei, n = ea, t^ eg, a = 64. 4) M ~ (Z/3Z)' 
with ^ > 2: choose m = ei, n = 2ei, t = 62, a — m + t — ei + 62- □ 

Proposition 3.18. D(Af)-Cov is smooth if and only if Zm is so. This happens if 
and only if M ~ Z/2Z, Z/3Z, Z/2Z x Z/2Z and in this case D(M)-Cov = Zm- To 
he more precise Rm — ^[xm,n\(m,n)^j ^ where J is the set defined in 3.11. 

In particular M-Hilb— is smooth and irreducible for any sequence m if M is as 
above. Otherwise, if M — {0} C m, M-Hilb— is not smooth. 

Proof. Let fc be a field. Note that 

D(Af)-Cov smooth <^=> Rm smooth Zm smooth k[K+]/k smooth 

We first prove that if fc[iir+] is smooth then M has to be one of the groups of 
the statement. We have K+ ~ N'' e Z'' and therefore k[K+] is UFD. We will 
consider endowed with the N-graduation defined in 3.12. Since any of the 

Xm,n has degree 1, it is irreducible and so prime. If we have a relation Xm,nXm+n.t = 
Xn,tXn+t,m with TO, 71, t, m + n, n+t, m + n+t 7^ and to 7^ t, then Xm.n \ Xn,tXn+t.m 
implies that Xm.n = Xn,t or Xm.n = Xn+t,m, whicli is impossible thanks to our 
assumptions. We will prove that if M is not isomorphic to one of the group in the 
statement, then such a relation exists. Clearly it is enough to find this relation in 
a subgroup of M. So it is enough to consider the following cases. 1) M cyclic with 
\M\ > 5: choose to = n = 1, t ^ 2. 2) A/ ~ Z/4Z: choose to = 1, n = 2, t = S. 

3) M ~ (Z/2Z)3: choose to = ei, n = 62, < = 63. 4) M ~ (Z/SZ)^: choose 
TO = n = ei, t = 62- 

We now want to prove that when M is as in the statement, then the ideal / of 
3.11 is zero. If we have a relation as in the first row, since to, ^ t we have \M\ > 3. 
If M ~ Z/3Z then t = 2m and m + t = 0. If M ~ (Z/2Z)2, if to, n, t are distinct 
then m + n + t = 0, otherwise m = n and m + n — 0. If we have a relation as in 
the second row, since m,t,s are distinct, we must have M ~ (Z/2Z)-^. Therefore 
m + t — s and the relation become trivial. □ 

Corollary 3.19. D(Z/2Z x Z/2Z)-Cov is isomorphic to the stack of sequences 
(>Ci, ?/'i)i=i.2,3, where Ci,C2t^3 are invertible sheaves and ^1: £2 ® ^3 — > ^1, 
■02 : -Ci (g) £3 — !• £2, V's : -Ci (g) £2 — > £3 are maps. 

Proof Set M = (Z/2Z)2. Thanks to 3.18, we know that ^+ = ~ Nwei.ea © 
Nwei. 61+62 ffi Nwea, 61+62- So an object of D(Af)-Cov is given by invertible sheaves 
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£l = £ei, £2 = £e2, = £ei+e2 and maps Ipi = ■(/'ea.ei+es : '^2 = V'ei, 61+621 "03 = 

V'ei,e2- □ 

Remark 3.20. D(Z/4Z)-Cov and Z/4Z-Hilb— , for any sequence m, are integral and 
normal since one can check directly that Rz/az = Z[a;i,2, 2^3,3, 2^2,3, a:i,i]/(a^i,2a^3,3 — 
2^2,33^1,1)- I'm not able to prove that D(M)-Cov is irreducible when M is one of 
'L/b'L^ Z/6Z, Z/7Z, (Z/2Z)^. Anyway the first two cases seems to be integral 
thanks to a computer program, while for the last ones there are some techniques 
that can be used to study this problem but they are too complicated to be explained 
here. 

3.2. The invariant h: |D(A/)-Cov| — > N. In this subsection we investigate the 
local structure of a D(Af)-cover, especially over a local ring. In particular we will 
be able to define an upper semicontinuous map h: |D(Af)-Cov| — > N. 

Notation 3.21. Given a ring A, we will write B G Spec i?M(^) meaning that B is 
an Af-graded A-algebra with a given A^-graded basis, usually denoted by {wm}meM 
with uo = 1, and a given multiplication if) such that 

meM 

Lemma 3.22. Let A he a ring and B G Speci?Af(A), with graded basis Vm o,nd 
multiplication map ip. Then the set 

H-4, = Hb/a = {meM\v„,e B*} = {m G M \ V-™,-™ G A*} 

is a subgroup of M . Moreover if m,n G Af and h G H-^, then ^-)rn,n o-nd ipm,n+h 
differs by an element of A* . If H < then C = ®„ieH ^"^m G B'D{H){A). 
Moreover if a: M/H — > M gives representatives of M/H in M and we set Wm = 
v,j(m) for m G Af /H we have 

B= Cw„, e Spec Rm/h{C) 

meM/H 

Finally if we denote by ip' the induced multiplication on B over C we have H^i = 
I H and for any m^n € M tp'^ „ and iprn,n differ by an element of C* . 

Proof. From the relations VmV-m = ijjm-m, ^m^' ^ ^v-m, wlt^' = ^il^m,-m and 
VinVn — ipm,nVm+7i wc sce that v„i G B* V'm.-m G A* and that < Af. 

From 3.1 we get the relations ip-h.h = ^h,u^h+u,-h and ipm,n'ipm+n.h = i>n,hi>m,n+h- 
So if /i G if then iph,u S A* for any u and f/jm,?! and '>pm,n+h differ by an element of 
A*. ' 

Now consider the second part of the statement. From 3.3 we know that C 
is a torsor over A. Since for any m we have Vm = {'>Ph,m/vh)v„(jn), where h = 
a{rn) — m E H we obtain the writing of B as M/H graded C-algebra and that 

V'm,n = '>Pa{m),ain){lph,a(7n)+a{n) /Vh) whcrC h = a{m + n) - a{m) - Cr(n) 

From the above equation it is easy to conclude the proof. □ 

Definition 3.23. Given a ring A and B G Specf?A/(^) we continue to use the 
notation Hg/j^ introduced in 3.22 and we will call the algebra C obtained in it 
setting if — Hg the maximal torsor of the extension B /A. If f G K'^ we will 
write ffg = Hg/i^ where B is the algebra induced by the multiplication 0'^ and k is 
any field. In particular 

H£ = {me Af I Em,-rn = 0} 

Finally if /: X — >Y D(Af)-Cov(y) and g G F we define = Hq^ joy.,- 
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Proposition 3.24. We have a map 

|D(M)-Cov| ^ > {subgroups of M} 
B/k I . Hs/k 

such that, ifY D(A/)-Cov is given by X Y, then Tif = Ho u. 

Proof. It's enough to note that if v4 is a local ring, B E D(7\f )-Cov(A) is given by 
multiplications tp and tt: A — > A/tua — > fc is a morphism, where k is a field, then 
G A* ■<=^ 7r(l/) )^o. □ 

Remark 3.25. Let (A, m^) be a local ring and B E Spec Rm{A) with M-graded 
basis {vm}meM- Then Hb/a — 'Hb/a{itt-a)- If Hb/a — then B is local with 
maximal ideal 

tub =mA® ^ AVra 
meAf-{0} 

and residue field B/niB = A/ruA- In particular mB/rn?B A/-graded. 

Lemma 3.26. Let A be a local ring and B — ®„jgjv/ ^ D(il/)-Cov(A) such 
that Hb /a — ^- If ™i I ■ • ■ J ™r G M then B is generated in degrees mi , . . . , TOj- as 
an A-algebra if and only if tub — [rriA , Wmi , • ■ • , ) b ■ 

Proof. We can write tub = ruA ® ®mGAf-{o} Denote 
and 7r(a) = J^iCi^i^i for a E W. The only if follows since given I E M — {0} 
there exists a relation of the form vi ~ /ro" with fi E A* and a ^ and so 
vi E (mA,Vmi, ■ ■ ■ TVmr)B- For the converse note that, given I E M ~ {0}, vi E 
ruB = imA,Vmi, ■ ■ ■ ,Vmr.) mcaus that we have a relation vi — \viiVmi for some i, 
\ E A* and I' = I — m^. Moreover vi ^ A[v] implies that vi' ^ A[v] and I' ^ 0. 
If, by contradiction, we have such an element I we can write vi = fiv„-^ ■ ■ ■ with 
Ui E M — {0} and s > |Mp. In particular there must exist i such that m = nt 
appears at least |Af| times in this product. So tua 3 Um^' | vi and vi E toaS, which 
is not the case. □ 

f 

Assume to have a cover X — > Y E D(Af )-Cov(y). We want to define, for any 
m E M a map /i/,m ~ hx/Y,m- Y — > {Ojl}- Let q E Y and denote by C the 
'maximal torsor' of Ox.q/OY,q (see 3.23). Also let p E f^^{q) and set pc = pDC. 
We know that iOx,q)p = {Ox,q)pc = B and that B E D(M/-H/(g))-Cov(Cpc) with 
Hb/Cp^ — 0- If we denote by m the image of m in M/'Hf{q) we can define: 

Definition 3.27. With notation above we set 

h {q) = [ ° if™eH/(g) 

f,rn,yq) y dimcp^ /PC (™B/TO|)?fr otherwise 

We also set 

hj{q) = dimc^^/p^(mB/m|)-dimc^^/p^(TOB/m|)o = ( ^ /j/,m(g))/|H/(g)| 

me A/ 

If £ e we set — h/^m, hg ^ hf E N where / is the cover Spec A — > Spec k 
and A is the algebra given by multiplication 0^ over some field fc. 

Lemma 3.28. Let (A, m^) be a local ring, B E D{M)-Cov{A) given by multipli- 
cation and t E M. Then Hb/a.i = ^_B/A,t("^A) is well defined and hB/A,t = 1 */ 
and only if t ^ Hb /a '"^'^ for any u,n E M — Hb /a such that u + n = t mod Ha/b 
we have ipu,n ^ A* . 
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Proof. Let C be the maximal torsor of the extension B/A and p be a maximal 
prime of it. We use notation from 3.22. For any / e M — Hb/a we have a surjective 
map 

Kp) = {'m-BjpCpYi — > {mBjmljj 
and so dira^p^ {mB^/'m'^ )j G {0, 1}, where I is the image of I through the projection 
M — > M/Ha/b- If we prove the last part of the statement clearly we will also 
have that hB/A,t is well defined. If t S Hb/a then hB/A,t = 0) while if there exist 
w, n as in the statement such that tl)u,n & then G C*WuWn C and again 
hB/A,t = 0. On the other hand if hs/A.t — and t ^ Hb/a then wi G m^^ and 
therefore we have a writing 

wi = bx+ ^ bu,nWuWn with 6, bu,n € Bp,x G 

The second sum splits as a sum of products of the form Cs;u,nWsWuWn with s+u+n = 
t and Cs,u,7r G Cp. Since Cp is local, one of these monomials generates Cprni- In this 
case, if s + ?I = then u G Hb^/Cp = which is not the case. So we have a writing 

where w, n ^ and u + n = i. Since ip^^n and ■(/'ti,n differs by an element of C* 
thanks to 3.22, it follows that ^/;„^„ e A*. □ 

Proposition 3.29. We have maps 

|D(A/)-Cov| — — > {0, 1} |D(M)-Cov| '- > N 

B/k I B/k I > liB/k 

such that, if Y — ^ D(M)-Cov is given by X Y, then hf^m — ° u cind 
hf — ho g. 

Proof. Taking into account 3.28 and 3.24, it's enough to note that if A is a local 
ring, B G D{M)-Cov{A) is given by multiplications ip and tt: A — > A/niA — > k 
is a morphism, where fc is a field, then ipu.v € A* <^=> i^{ipu.v) 7^ and Hb/a = 

HB^Ak/k- n 

Corollary 3.30. Under the hypothesis of 3.26, {m G M \ hB/A.m — 1} the 
minimum subset of M such that B is generated as an A-algebra in those degrees. 
In particular B is generated in hB /a degrees. 

Proposition 3.31. Let {A,mA) be a local ring, B G D(Af)-Cov(A) and C the 
maximal torsor of B / A. Then 

hB/AimA) = dimfe(p) flB/c <^B k{p) 
for any maximal prime p of B. In particular if (|iJ3/yi|,char A/m^) — 1 we also 
have = dimj,(p) ^b/A 'X'b k{p) for any maximal prime p of B. 

Proof. If A is any ring and B G D{AI)-Cov{A) is given by basis {vm}m£M and 
multiplication tp one sees from the universal property that 

^B/A = B'^^ / < eo, VnCrn + Vmen - 1pm,nern+n > 

Now consider B G D(Af/_ff)-Cov(C), where H ~ Hb/a and let p be a maximal 
prime of B. Following the notation of 3.22, we have that Wm G P for any m G 
M/iJ- {0} and V'm^n G P •^=^ ^m,n & ruA. So Qb/c "^b k{p) is bee on the Cm for 
m G M / H such that for any u, n G M/H ~ {0}, u + n — m implies ipu,n ^ A* , 
that are exactly hB /a{'^a) thanks to 3.28. □ 

Corollary 3.32. The function h is upper semicontinuous. 
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Proof. Let X be an D(M)-cover and qeY. Set r = hf{q) and H ^Hfiq). 

We can assume that Y = Spec^, X = SpecB with graded basis {vm}meM and 
multipHcation -0 and that ')pm,-m G ^* for any m G H. Set C A[vm]meH- 
Cq is the maximal torsor of Bq/ Aq and so, if p G X is a point over g, we have 
r = dimfc(p) VLb/c ®b k{p). Finally let U C X he an open neighborhood of p such 
that dimfc(p/) ^b/c '^b k{p') < r for any p' £ U and V = f{U). We want to prove 
that h < r on V . Indeed given q' ~ f{p') E V, ii D is the maximal torsor of 
Bq^ /Aq> , we have Cq> C D C Bq, . So 

%(<?') = dimfc(p/) ^B^,/D <S)B^, k{p') < dimtip') ^B^,/c^, 8)5,, k{p') < r 

□ 

Remark 3.33. The section Rm — > ^ induces a closed immersion 

P|clA^|-i ^ BT = [SpccZ/n C [Speci?M/Tl ~ D(A/)-Cov 
where T = D(Z*V < eo >)■ 
Proposition 3.34. T/ie following results hold: 

(1) {/i = 0} = |BD(M)|; 

(2) {h > \M\} = 0; 

(3) {h = |Af| - 1} = |BD(Z^V < eo >)| (see 3.33) 

Proof. If X r is a D(A/)-torsor, clearly /i/ = 0. So 1) and 2) follow from 3.30. 
Finally, if B G D(M)-Cov(/c) with multiplication ^, Hb/u — l-^-^l — 1 if and only if 
Hb/u — and hB/k,m — 1 for any m £ 7\f — {0}. This means that tprn.n = for 
any m, n 7^ by 3.28. □ 

In particular, setting Ui = {h < i}, we obtain a stratification BD(i\f) = Uq C 
UiQ---Q U\M\-i = D(Af)-Cov of D(A/)-Cov by open substacks. 

3.3. The locus h < \. In this subsection we want to describe D(A/)-covers with 
h < 1. This means that 'up to torsors' we have a graded M-algebra generated 
over the base ring in one degree. We will see that {h < 1} is a smooth open 
substack of Zm determined by a special class of explicit smooth integral extremal 
rays of Kj^. This will allow to give a description of covers over locally noetherian 
and locally factorial scheme X with (charX, \ M\) — 1 whose total space is normal. 
This result, when X is a smooth algebraic variety over an algebraic closed field k 
with (char A:, \M\) = 1, was already proved in [" , Theorem 2.1, Corollary 3.1]. 

Notation 3.35. Given 8 G we will write £m,n = £{vm.n)- Since ii' (g) Q ~ 
/ < eo > we will also write £„i = £{em) G Q, so that £„i,n — £m + £n — £m+n- 
Given a group homomorphism rj: M — > N we will denote by 77, : Km — > the 
homomorphism such that r/*(um.n) = i^ri{m),ri(n) for all m,n £ M. 

Remark 3.36. Let A be a ring and consider a sequence £_ = . . . G K"^. An 
element of J^£_{A) coming from the atlas (see 2.14) is given by a pair (z. A) where 
z_ — zi, . . . , Zr G A and A: K — > A* . The image of this object under irg is the 

algebra whose multiplication is given by Tpm,n = '^m^n^i"^ " ' ' ' Zr"^'" . 

Lemma 3.37. Let rj: M — > N he a surjective morphism and £_ be a sequence in 
{Kj^nY . Then £_ is a smooth sequence for N if and only if £_o rj^ is a smooth 
sequence for M . 

Proof. We want to apply 2.39. Therefore we have to prove that rji,{K+M) — 
which is clear, and that Kerry* =< Keryy* n K^m >■ Consider the map /: Z^'^ / < 
eo > — > Z^/ < eo > given by /(e„) = e^(„) and set H = Kerr;. Clearly f^^^ = 
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r]^:. It is easy to check that G ~< Vrn,n for m <E H >z^ Ker?7* C Ker/ and that 
Ker//Ker?7H. ~ H. So m order to conclude, it is enough to note that the map 
H — > }ieT f /G sending h to Ch is a surjective group homomorphism since we have 
relations en + en' - en+h' = Vh,h' and em+h - em. = en - Vm.h for to e M and 
h, h' e H. □ 



Proposition 3.38. Let rj: M — > l^jVL he a surjective homomorphism with I > \. 
Then 

if r]{m) + ri{n) < I 
otherwise 

Ines a smooth integral extremal ray for 



integ 

Proof. £^ e K'^ because, if a: "LjVL — > N is the obvious section, f is the re- 
striction of the map Z*^/ < cq > — > Z sending to a{ri{m)). In order to 
conclude the proof, we will apply 3.37 and 2.38. Set TV = Z/ZZ. One clearly has 
f _ gid Q g^j^j-j gQ assume M = Z/IZ and 77 = id. In this case one can 

check that wi,2, • ■ • , wi.z-i is a Z-base of K such that £'^{vij) = if j < ? — 1, 
= 1. ' ' ' □ 

Those particular rays have been already defined in [Par91, Equation 2.2]. 

Notation 3.39. If (j): K+ — > Z*^/ < eo > is the usual map we set = (see 
definition 2.18) for any sequence £_ of elements of K'^. Remember that if £ is a 
smooth sequence then Zj^ is a smooth open subset of Zm (see 2.41) and its points 
have the description given in 2.42. 

Set $M for the union over all d > 1 of the sets of surjective maps M — s- Z/dZ. 

Theorem 3.40. Let £^ {E''^).,^^^^, . We have 

{h<i]= u zf; 

In particular {/i < 1} C and TTg induces an equivalence of categories 

{{LM,Z, A) G j£ I V{Zr,) n V{Z^) ^$lf7J^fl}^ Tr^\{h < 1}) ^{h<l} 

Proof. The last part of the statement follows from the first one just applying 2.45 
with 8 = {{£^)}7^e'S>M ■ Let k be an algebraically closed field and B e ]J{AI)-Cov{k) 
with graded basis {vm}meM and multiplication ip. 

D. Assume B g Zf^j (k). If B is a torsor we will have hs/k — 0. Otherwise we 
can write ip — (^{f^ for some ^ : K — > k* . Up to change Spec k with a geometrical 
point of the maximal torsor of B/k, we can assume that M = Z/dZ and 77 = id. 
In particular Hg/j. = and, from the definition of we get B ~ k[x]/{x'^). So 
hg/k = dimfe m_B/m| = 1. 

C. Assume hg^f. = 1. Set C for the maximal torsor of B/k (see 3.23), H — Hg 
and I — \M/H\. hg/^. — 1 means that there exists a unique r € M/H (where 
r e M) such that hg/k,r — 1 and so Cg[wr] — Bq ^ Gq[x]l{x^) for all (maximal) 
primes q of G. In particular B = G[vr\ — G[x]/{x^) and r generates M/H. Let 
77: M — > M/H ~ Z/ZZ be the projection. We want to prove that B S Zj^,j . Up 
to change k with a geometrical point of some fppf extension of fc, we can assume 
G — k\H\, i.e. v^vh = w/i+ft,' if h.,h! E H. Finally the elements Vhvl ior h G H 
and < i < / define an Af-graded basis oi B/k whose associated multiplication is 
0^". □ 

Theorem 3.41. Let£_ = i£^^)rie'^M '^^'^ ^^t X be a locally noetherian and locally fac- 
torial scheme. Set^^ = {{C,M,z,\) E F£_{X)\ codimx T^(2,,)nU(z^) > 2 i/77 7^ 

H} and ={Y ^ X e D(M)-Cov(X) \hf{p) <iype X with codimp AT < 1}. 
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Then TTg induces an equivalence of categories 

Proof. Apply 2.53 with 9 = {(f • □ 

Theorem 3.42. Let £_ = {£'^)rie<^M o-^d let X be a locally noetherian and locally fac- 
torial scheme without isolated points and (charX, |A/|) = 1, i.e. \/\M\ G Ox{X). 
Set 

Reg]^ = {Y/X e D(Af)-Cov(X) | Y regul ar in codimension 1} 

and 

y£^6e£ codimjf V{z£) n V{zs) > 2 
W e syp e vpizs) < 1 

Then we have an equivalence of categories 

Regx = T:^^{Reg]^) ^ Reg\ 

Proof. We will make use of 3.41. If F X e Reg\, p G Y^^^i and g = /(p) 
then hf{q) < dinife(p) TOp/m^ = 1. So Regx ^ ^jf- So we have only to check 

that Regx ~ '^£^{R^9x) ^ '^^x- particular we can assume that X — Speci?, 
where i? is a DVR. Let x G '^x: A/R E '2i\ the associated covers, H = Hair 

and C be the maximal torsor of AjR. We have to prove that x G R^9x if ^'i^ 
only if A is regular in codimension 1. Since Dfi{H) is etale over R so is also 
Spec C. It is so easy to check that, up to change R with a localization of C and 
M with M/H, we can assume that H = 0. Since x G "^i:; the multiplication of 
A over i? is of the form ip = ijlz^^* , where /i: K — > R* is an A/-torsor, z is a 
parameter of A, 0: Af — 5- Z//Z is an isomorphism and r — vji{zg4,). Moreover 
VR{z£i, ) = if t/i 7^ 0. Up to change M with Z/ZZ through we can assume = id. 
Finally, since /i induces an (fppf) torsor which is etale over i?, up to change R 
with an etale neighborhood, we can assume /i = 1. After these reductions we have 
A = - z'-) which is regular in codimension 1 if and only if r = 1. □ 

Remark 3.43. In the theorem above one can replace the condition 'regular in codi- 
mension 1' in the definition of Regx with 'normal' thanks to Serre's conditions, 
since all the fibers involved are Gorenstein. 

Remark 3.44. Theorem 3.42 is a rewriting of Theorem 2.1 and Corollary 3.1 of 
[Par91] extended to locally noetherian and locally factorial schemes without isolated 
points, where an object of J^£_{X) is called a building data. 

4. The locus h <2 

In this section we want to give a characterization of the open subset {h < 2} C 
D(Af)-Cov as done in 3.41 for {h < 1}. The general problem we want to solve can 
be stated as follows. 

Problem 4.1. Find a sequence of smooth integral extremal rays £_ for M and a 
collection 9 of smooth sequences with rays in £_ such that (see 3.39) 



{h<2}=\J Zi 



5_ 

M 

See 



or, equivalently, such that, for any algebraically closed field k, the algebras A G 
D(Af)-Cov(fc) with h^/k < 2 are exactly the algebras associated to a multiplication 
of the form ip — uO^ where w : — > k* and £ E< S_ >n for some ^ e 9. 
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For example in the case h < 1 the analogous problem is solved taking £_ = 
and 9 = {{£) for 5 G £} (see 3.40). Once we have found a pair f , 6 as 
in 4.1 we can formally apply theorems 2.45 and 2.53. This is done in theorems 4.41 
and 4.44. 

The first problem (see 4.8) to solve is to describe Af -graded algebras over a 
field k (yielding D(Af)-covers) generated in two degrees. As for the case h < 1, 
where we can reduce to study Z/dZ-graded algebras generated in degree 1 and then 
considering surjective maps M — > Z/dZ, also in the case h < 2 we can restrict 
our attention to the study of algebras generated in two degrees m, n e M . It is 
easy to see (4.6) that a group with two marked elements generating it is canonically 
isomorphic to 

Mr,a,N = Z'^/ir,-a),{0,N), ei, 62 
for some natural numbers < a < iV, r > 0. 

So our problem become the study of D(Mr,a,Ar)-covers A over a field k generated 
in degrees 61,62 and such that i/^/fc — (thanks to 3.30, when -ff^/^ — the 
number /i^/^ is simply the minimum number of degrees in which A is generated). 
These algebras are related to the following set: given q E Z, define dq as the only 
integer < dq < N such that dg = —qa mod N and define 

i^N^a,N = {0<q< o{a, Z/NZ) = N/{N, a) \ dq, < dq for any < q' < q} 

The point is that if we take za as the minimum h > for which there exist s € N 
and X G k such that hm = sn and v!^ = Aw^, then — za/t S ^n-o.n (see 4.22). 
We will show that also the converse holds, in the sense that for any q E ^N-a.N 
there exists a D(Afr,a,N)-cover A/k as above with — q. The precise statement 
is 4.30. This gives a solution to the first problem and also suggests how to proceed 
for the next one, i.e. find the sequence £_ of problem 4.1. 

It turns out that the integral extremal rays £ for Af such that =2 correspond 
to particular sequences of the form x = (^; ct: 9; 0): where Q<a<N,r>Q, 
q G ^N-a,N and (p: M — > Mr^a.N is a surjective map (see 4.39). The sequence 
of smooth integral extremal rays "needed" to describe the substack {h < 2} is 
composed by the "old" rays (£'')^g$j^j and by these new rays. Finally the smooth 
sequences in the family Q of problem 4.1 will be all given by elements of the dual 
basis of particular Z-basis of K (see 4.33). 

In the last subsection we will see (Theorem 4.54) that the D(Af)-covers of a 
locally noetherian and locally factorial scheme with no isolated points and with 
(charX, lAfj) — 1 whose total space is normal crossing in codimension 1 can be 
described in the spirit of classification 3.42 and extending this result. 

4.1. Good sequences. In this subsection we provide some general technical results 
in order to work with Af -graded algebras over local rings. So we will consider given 
a local ring D, a sequence m — mi, . . . , € Af and C G D(Af)-Cov(D) generated 
in degrees mi, . . . , m^. Since Pic Spec D=0 for any u € M we have Cu — D. Given 
u E M. we will call w„ a generator of Cu and we will also use the abbreviation 
Vi = Vrrn- Moreover, if ^ (^1, . . . ,Ar) eW we will also write 

Definition 4.2. A sequence for m € Af is a sequence A e N*" such that Airrii + • • • -I- 
ArTiir — u. Such a sequence will be called good if the map C;^^ — > Cu 

is surjective, i.e. v— generates Cu- If /' = 2 we will talk about pairs instead of 
sequences. 

Remark 4.3. Any u E M admits a good sequence since, otherwise, we will have 
Cu — {D[vi, ■ ■ ■ , Vr])u ^ rrioCu- If A is a good sequence and B^< A, then also S 
is a good. 
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Lemma 4.4. Let A, B_ be two sequences for some element of M and assume that 
A is good. Set E_~ niin(A,_B) — (niin(Ai, _Bi ),..., min(Ar, i?r)) o,nd take XCz D. 
Then 

V— — Xv— : • v—^— — Xv—~— 

Proof. Clearly we have v—{v—^— — Xv—^—) = 0. On the other hand, since A~ E_is 
a good sequence, there exists ii £ D such that v—^— = fiv—^—. Since ^ is a good 
sequence, substituting we get v—{fj. — A) = /i = A. □ 

4.2. M-graded algebras generated in two degrees. 

Definition 4.5. Given < a < N, r > set Mr.a,N = ^VCr, -a), (0, N). 

Proposition 4.6. A finite ahelian group M with two marked elements m,n € 
M generating it is canonically isomorphic to {Mr^a,N , ei, £2) where r — min{s > 
I sm e< n >}, rm — an and N — o{n). Moreover we have: \M\ = Nr, 
o{m) = rN/(a, N) and 

m,n ^ and m ^ n <;=^ > 1 and (r > 1 or a > 1) 

Proof. We have 





v2 



> Mr.a,N ^ =^ 



det 



r 

-a N 



rN 



and clearly 61,62 generate M. Moreover Mr.a,N/ < &2 >— Z/r-Z and therefore r is 
the minimum such that rei G< 62 >. Finally it is easy to check that N = 0(62). If 
now M, r, a, N are as in the statement, there exists a unique map Mr^a.N — > M 
sending ei, 62 to m, n. This map is an isomorphism since it is clearly surjective and 
\M\ — o{m)o(n)/\ <TO>n<n>| = o{n)r = \Mr^a,N\- The last equivalence in 
the statement is now easy to prove. □ 

Notation 4.7. In this subsection we will fix a finite abelian group M generated by 
two elements ^ m,n £ AI such that m ^ n. Up to isomorphism, this means 
M = Mr^a.N with TO = 61, n = 62 and conditions 0<a<iV, r>0, iV>l, (r> 
1 or a > 1). 

We will write dq for the only integers < dq < N such that qrm + dqU — 0, for 
q £ li, or, equivalently, dq = —qa mod (N). 

Problem 4.8. Let k he a. field. We want to describe, up to isomorphism, algebras 
A £ D{M)-Cov{k) such that A is generated in degrees m, n and H^/fe — 0. Thanks 
to 3.30, this is equivalent to asking for an algebra A such that Hy\/k = and 

{l£M\ hA/k,i - 1} C {m,n} 

The solution of this problem is contained in 4.30. 

In this subsection we will fix an algebra A as in 4.8. will be a graded basis 

of A and tp the associated multiplication. Note that Ha/]^ = means VrmVn ^ A* . 

Definition 4.9. Define 

z — mm{h > | f,'^ — At;^ for some X £ k and km — in} 
X = min{/i > | u'' = /ii''„ for some ^ £ k and hn = ito} 
Denote by < y < o(n), Q < w < o{m) the elements such that zm = yn, xn = wm, 
hy X, ^ £ k the elements such that = Aw^, = iiv"^, with the convention that 
A = if = and /i = if =0. Finally set g = z/r and define the map of sets 

{O,l,...,z-l}^^{0,l,...,o(n)} 

c I r min{d £ N | v^^v^ = 0} 
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We will also write , za, xa, Ua, wa, ha, /a if necessary. 

We will see that A is uniquely determined by q and A up to isomorphism. 

Lemma 4.10. Given I S M there exists a unique good pair {a,b) for I with < 
a < z. Moreover < b < f{a). 

Proof. Existence. We know that there exists a good pair (a, b) for I and we can 

assume that a is minimum. If a > z we can write w^jU^ = A^-^i.f+s'. Therefore 
A 7^ and (a — z, 6 + y) is a good pair for 1, contradicting the minimality of a. 
Finally v^v^ ^ means b < /(a). 

Uniqueness. Let (a, b), (a', b') be two good pairs for I and assume < a < a' < z. 
So there exists ui G k* such that 

If 6 > 6' then a' — a > z by definition of z, while if 6 < 6' then w„ is invertible. □ 

Definition 4.11. Given I G M we will write the associated good pair as {£i,5i) 
with £i < z. £,S will be considered as maps Z^/ < eo > — > Z and, if necessary, 
we will also write 5"^. 

Notation 4.12. Up to isomorphism, we can change the given basis to 
SO that the multiplication is given by 

(4.1) VaVb = V^+^^vi-+^' = i^a,bvf,t^'vi-+' = V-a.fcVa+fc 

Corollary 4.13. / is a decreasing function and 

(4.2) /(o) + ... + /(^-l) = |M| 

Proof. If (a, 6) is a pair such that < a < z and < 6 < /(a) then v!^v^ ^ 0, i.e. 
(a, b) is a good pair for am + bn. So 

z-1 

^/(c) = \{{a,b) \0<a<z,0<b< f{a)}\ = \M\ 

c=0 

□ 

Remark 4.14. The following pairs are good: 

[z — l)m : (z — 1, 0), {x — l)n : (0, x — 1), zm = yn : (0, y), xn = wm : (w, 0) 

i.e. ,v!^~^ ,v^,v^ ^ 0. In particular /(O) > x,y + 1 and /(c) > for any c. 
Indeed 

v'^' = ujvl^vi =^ =ujv'„ ^ a = z - 1, 6 = 

< = '^^^m^^n ^ ='^V^n ^ a = 0, b = y 

where (a, 6) are good pairs for the given elements and, by symmetry, we get the 
result. 

Remark 4.15. If A 7^ or ^ then x = y, z = w and A/i = 1. Assume for 
example A 7^ 0. If y = then = A 7^ and so Vm is invertible. So y > and, 
since = A~^w^, we also have y > x. Now 

So and {y — x, w) is a good pair. As before w > z and therefore 

A/iw^~^t;^~^ = 1 => y = x, w = x and A/i = 1 
Lemma 4.16. Let a, 6 e M. We have: 
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• Assume Sa.b > 0. If 5a,b < then Sa.b > z, Sa,h > —y- Moreover ijja,b 7^ 
A 7^ 0, £a,b — z, 5a,b = ^y{~ ^x) and in this case tjja.b ~ A. 

• Assume Ea,b < 0. Then Ea,b > —w,6a,b > x. Moreover Tpa.b 7^ <^==> fi ^ 
0, £a,b — ~-'w{— — z), 6a,b — X and in this case ipa,b = 

• Assume £a,b — 0. Then we have 5a — and 'ijja,b = 1 or 6a.b > o(n) and 
V'a,h = 0. 

Proof. Set ?/' = V'a.fc- We start with the case £a^b > 0. From 4.1 we get 

If Sa,b > then Wm ''wn" '' = "0 E^nd so 1/) = since v„i ^ A* . If (5a, < we instead 
have Vm''' = i^Vn^"''' and so Sa.b > z. If —(5a. 6 < y then {0,—Sa.b) is good. So we 
can write 

vt'-'Xv'n''-' = =^ ^ = 

since f„ is not invertible. If (5a, 6 < — y we have 

< £a,b-Z < Z, < -Sa,b-y < /(O), {£a,b-z)m = {-5afi-y)n, Vm''' = t^Vn^"'^ 

and so both {£a,b — z, 0) and (0, —(5a. 6 — y) are good pair for the same element of 
M . Therefore we must have £a,b = z, (5a, h — — y and ip ~ X. 

Now assume £a,b = 0. If 6a.b < then w„ ?/> = 1 which is impossible. So 
i5a,fc > 0. If (5a, 6 = clearly tp = 1. If (5a, h > then wf" '' = -0 and so ip — and 
i5a,fc > o(n). 

Finally assume £a,fc < 0. From 4.1 we get 

We must have da,b > since Vm is not invertible. So ffi"'*' = ipVm'^''' and (5a. 6 > a;, 
from which 

Vn Mi;„j = ipVm 

Note that, since < —£a,b < £a+b < z, {—£a,b, 0) is a good pair. If w > ~£a,b then 
= 0. So assume w < —£a,b- Arguing as above we must have 6a,b — x, fa, 6 = —w 
and tp = 11. □ 

Lemma 4.17. Define 

A' = fc[s,^]/(s^s^^■''(^)/orO <c< z) 

Then A' £ D(Af)-Cov(fc) with graduation deg s = m, degt — n and it satisfies the 
requests of ^.8, i.e. A' is generated in degrees m,n and Hai/j^ — 0. Moreover we 
have 

9a' = za' = ZA, yA' = yA, £^ = f ^, '5'^ = S^, Xa' = ma' = 0, /a' = /^i 
Proof. Clearly the elements s'^t'^ ioi < c < z, < d < f(c) generates A' as a 
fc-space. Since they are J^lZo ~ l-^^l ''^^'^ th^y all have different degrees, it's 
enough to prove that any of them are non-zero. So let {c',d') a pair as always. It 
is enough to show that B = fc[s, t]/(s'='+\ t'^'+i) — > ^7(s'='+\ t'^'+i) is an isomor- 
phism. But c' < z implies that = in B. If c' < c then s'^t^'^'^'^ = in B and 
finally if c' > c then d' + I < f{c') < f{c) and so sH^^"^ = in B. 

A' is clearly generated in degrees m, n and Ha' /k — ^ since s^ = 
and z,/(0) > 0. s^ = Ot^ implies that z' — za' < z. Assume by contradiction 
z' < z. From ^ s^' ^ X'tv' we know that ^ so that y' < /(O). Therefore 
{£z'm, <5z'm) = {z' , 0) = (0, y') and so z' = 0, which is a contradiction. Then z' = z, 
yA' — y' — y- Also s^ — Qty and t^ imply Xa' = and, thanks to 4.15, ^a' = 0. 
Finally by construction we also have £^ — £, S"^ ~ S and fA' = f. □ 
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Lemma 4.18. We have 



dq — max_ dq 

l<q<q 



Proof. Thanks to 4.17 we can assume A = and, therefore, /i = 0. So vf^ — 0, 
^n^^ 7^ ^^'^ 7^ imply y < x = /(O). Let 1 < q < q and / = qr. We have 
{£i,di) = {qr, 0). U N -dq <x^ /(O) then we will also have {£i,di) ^{0,N ~ dq) 
and so g = 0, which is not the case. So N — dq>x>y = N — dq dq < dq. □ 

Lemma 4.19. Define q as the only integers < q <q such that 

da — min d„ 

0<q<q 

If X = we have dq < x ^ /(O) and f(c) = | \^<c<^z 

Proof. We want first prove that /(c) — m\n[x,dq for < gr < c). Clearly we have 
the inequality < since = v'^Vn" = 0. Set d — f{c) and let (a, b) a good pair for 
cm + dn, so that w^^n — ^"'^m'^n- We cannot have b > d since otherwise = 
implies c > z. If a > c then vf^ = and so d = /(c) > x. Conversely if a < c then 
0<c— a — qr<c<z and < d — b — dq < d = f(c). 

We are now ready to prove the writing of /. Note that the pairs {qr,dq — 1), 
with < q <q, are all the possible pairs for —n. So there exists a unique < q <q 
such that (qr, dg — 1) is good. In particular ifO<'77^'7<g we have a writing 



yiryd,-l ^r. q ds-l ^ I q<q =^ ^=0 =^ dq>X 

q> q =^ dq > dq 



Since vt'' ^ =/= we must have dq < x. This shows that q — q and the writing of /. 
Finally If g > 1 then q > and so dq < x — /(O) since / is a decreasing function. 
If g = 1 then g = and so N = dq ^ /(O) <x<N. □ 

Definition 4.20. We will continue to use notation from 4.19 for q and we will also 
write qA if necessary. 

4.3. The invariant q. 

Lemma 4.21. Let I3,N £ N, with N > 1, and define d^ — dq, for g G Z, the only 
integer < dq < N such that dq = q/3 mod N . Set 

f7^,Ar = {0 < g < o(/3, Z/NZ) = N/{N, P) \ dq, < dq for any < g' < g}, 

set qn for the n-th element of it and denote by < q < qn the only number such 
that 

dn = min dg 

^ 0<q<q„ ^ 

Then we have relations qN + qndq — qdq^ — N and, if n > 1, g„ = gn-i + q, 
dq„ = dq^^-^ + dq and dq^_^ + dq > N for q < q. 

Proof. First of all note that all is defined also in the extremal case (3 = 0. In this 
case ri^^AT = {1}. Assume first n > 1. Set q = qn — qn-i so that dq^ = dq^ -^ + dq 
since dq^ > dq^_-^. Assume by contradiction that q ^ q. Since g < g„ we have 
dq < dq. Let also g' = qn — q and, as above, we can write dq^ = dq, + dq. Now 

dq„ - dq, = dq < dq = dq^ - dq^_^ dq^^_^ < dq. 

Since gn-i G ^p.N we must have g' > qn-i, which is a contradiction because 
otherwise, being g' < g„, we must have q' = qn. So g = g. For the last relation 
note that, since g„ is the first g > g„_i such that dq > dq^_^, then g is the first 
such that + dq < N. 
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Now consider the first relation. We need to do induction on all the 13. So we 
will write and in order to remember that those numbers depend on to /?. 
The induction statement on 1 < g < is: for any < /? < iV and for any n such 
that < g the required formula holds. The base step is q = 1. In this case we 
have n = l, 51 = 1,(7 = 0, c?o = -^ the formula can be proven directly. For 
the induction step we can assume q > 1 and n > 1. We will write for the q 
associated to n and (3. First of all note that, by the relations proved above, we can 
write 

yn 471 yii "ti — 1 

and so we have to prove that the second member equals N. If q^ < q^-i then 
q^^i = q^i and the formula is true by induction on g — 1 > (zf_i. So assume 
in > 1n-i ^"^^ set a — N ~ j3. Clearly we will have 

o = o(a, Z/7VZ) = o(/3, Z/NZ) and + = iV for any < g < o 
Moreover 

< for any < g < q,'^ => d^g > d^ for any Q < q < q^ =^ 3? s.t. = 

and 

d^, > d^ for any < g < =^ d% < d^ for any < q < q^ = £ =^ g? = 'zf-i 

Using induction on q" — q^ < q^ < q we can finally write 
N ^qfN + gfdl - qfd"^. = gf_i7V + g^d;;,_^ - g^^d", 

=gf_ liV + gf (TV - d^, ) ~ q^.iN - d^, ) = g^'^iV + q^.d^, - gf dj. 



□ 



We continue to keep notation from 4.7. With dq we will always mean d^ " as 
in 4.21. Lemma 4.18 can be restated as: 

Proposition 4.22. Let A be an algebra as in 4-8. Then g^ € i^N-a.N- 

So given an algebra A as in 4.8 we can associate to it the number g^ S flN-a,N- 
Conversely we will see that any g G flN-a,N admits an algebra A as in 4.8 such 
that g = g^. It turns out that all the objects za, Ua, Ia, £^ i 5^ ^ (lA and, if = 0, 
XAi wa associated to A only depend on qj^. Therefore in this subsection, given 
g G r2jv-Q,Af, we will see how to define such objects independently from an algebra 
A. 

In this subsection we will consider given an element g G ^N-a.N- 

Definition 4.23. Set g for the only integer < g < g such that dq = mino<g<q dq, 
q' = q- q, z = qr, y ^ N - dq, 

N - dq> if g > 1 _ ( q'r if g > 1 — if < c < gr 

N if g = 1 ' ^ ^ j if g = 1 ' ^ \ dq if gr < c < 

We will also write q-q, g^, Zq, Xq, fq, y-q, Wq if necessary. 

Remark 4.24. Using notation from 4.21 we have g = g„ for some n and, if n > 1, 
i.e. g > 1, gn-i = g'. Note that zm = yn, wm = xn, y < x, w < z. Moreover, from 
4.21 and from a direct computation if g = 1, we obtain zx — yw = \M\. Finally if 
g > 1 one has relations qr = z — w and dq = x — y. 

Lemma 4.25. We have that: 

(1) f is a decreasing function and X]c=o ■^('') ~ l-^^l/ 
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(2) any element t G M can be uniquely written as 

t = Am + Bn with < A < z,0 < B < f{A) 

Proof. 1) If g = 1 it is enough to note that q = 0, do = N and Nr = \M\. So 
assume ^ > 1. We have x — N ~ dqi > dq since dq — dqi + dq and 

/(c) = qrx + {qr — qr)dq = (z ~ w)x + w(x — y) = zx — wy — \M\ 

2) First of aU note that the writings of the form Am + Bn with < A < z, 
< B < f{A) are X]c=o ~ l-'^-^l- ^^'^ enough to prove that they are all 
distinct. Assume to have writings Am + Bn = A'm + B'n with < A' < ^ < 
z,0<B</(A),0<B'</(A'). 

A' ^ B' ^ 0, i.e. Am + Bn ^ 0. If A = then B = since /(O) = a- < iV. 
If A > 0, we can write A — qr for some < q < q. In particular q > I and 
B = dq < f{A). li q < q then /(A) = x = N - dqf > dq contradicting 4.21, while 
it q > q then /(A) ~ dq < dq. 

A' ^ B ^ 0, i.e. Am = B'n. If A = then B' = as above. If A > we can 
write A — qr for some < q <q. Again q > 1. In particular B' = N — dq < f{0) — 
X — N — dqt and so dq' < dq, while dq' — maxo<q<q(iq. 

General case. We can write (^4 — A')m + Bn = B'n and we can reduce to the 
previous cases since \i B > B' then B - B' < B < f{A) < f{A- A'), while if 
B < B' then B' - B < B' < f{A') < /(O). □ 

Definition 4.26. Given I G M we set {£i,Si) the unique pair for I such that 
< £t < z, < 5t < f{£t) and we will consider £, 6 as maps Z*^/ < eo > — > Z. 
We will also write £^, 6^ if necessary. 

Proposition 4.27. Let A be an algebra as in 4-8. Then 

ZA = Zq^, VA = Vq^, qA^chlA^ ^ ^^-^^ = fA = fqA 

and, if Xa — 0, then xa — Xq^ , wa — Wq^ . 

Proof. Set q — Tja- Then za ^ qr = Zq and z^m — yAn — y-qn implies yA = y-q- 
Also qA = Qq by definition. Taking into account 4.17 we can now assume = 0. 
We claim that all the remaining equalities follow from xa = Xq. Indeed clearly 
WA = Wq. Also by definition of fq and thanks to 4.19 we will have Ja — fq and 
therefore £^ = f , 6^ — S'^, that conclude the proof. 

We now show that xa — Xq. If g = 1 then q — and so, from 4.19, we have 
dq = N ^ Xa — xi. If g > 1, by definition of fq and thanks to 4.25 and 4.19, we 
can write 

\M\ = ^ fq{c) = rqqXq + {zq - qqr)dq^ = ^ /a(c) = rqAXA + {za - QATjdq^ 
c=0 c=0 

and so xa = Xq. □ 
Definition 4.28. Define the M-graded Z[a, 6]-algebra 

^'L[a,b][s,t]l{s^ - aty,t'' - bs'",s^H'^'i - a^b) where 7 = 

with A/-graduation degs ~ m, degt = n. If are given elements ao,6o of a ring C 
we will also write A'^^^ = A^ ®z[a.b] C, where Z[a, b] — > C sends a, 6 to ao, 6o- 

Proposition 4.29. A^ E D(M)-Cov(Z[a, fe]), it is generated in degrees m,n and 
{vi = s^'t^'}i^M is an M-graded basis for it. 



JO if 9 = 1 
1 1 if g > 1 



STACKS OF RAMIFIED ABELIAN COVERS 



41 



Proof. We have to prove that, for any / e M, {A^)i = Z[a, b]vi and we can check 
this over a field fc, i.e. considering A = A"^ with a,b E fc. We first consider the 
case a,b G fc*, so that s,t £ A*. Let tt: 7? — > M the map such that 7r(ei) = 
m, 7r(e2) — n. The set T — {(a, fe) G KerTr | s"-t^ G fc*} is a subgroup of KerTr 

such that (z, — y), (— G T. Since det ( ^ ^ j = zx — wy = \AI\ we can 

conclude that T — KerTr. Therefore vi generate (A^); since for any c,d £ N we 
have sH'^/vcm+dn G k* and 7^ u/ G A*. 

Now assume a = 0. If g = 1 then q^w = 0, dq~x — N and so A = 
fc[s, i]/(s^, — b) satisfies the requests. If g > 1 it is easy to see that vi generates 
Ai. On the other hand dimfe A = \{{A, B) \ Q < A < z,Q < B < x, A < qr or B < 
dq\\ — ZX — {z ~ qr){x — dq) ~ zx ~ yw — \M\. The case 6 = is similar. □ 

Theorem 4.30. Let k be a field. If q E ^N~a,N and A G fc, with X = if 
q = N/{a,N), then 

Aq^x = k[s, t]/{s'"^ - Xty^, t^', s^t"^"^) 
is an algebra as in 4-8 with qj^_ ^ —q and Xa-^ x ~ ^- Conversely, if A is an algebra 
as in 4-8 then q^^ G ^In-u.n, Xa £ k, Xa — ifQA = ^/ i'^j ^) ^'^'^ ^ — ^qji.Xa ■ 

Proof. Consider A = Aq^\, which is just A^ q. Clearly t ^ A* . On the other hand 
s ^ A* since y — z — o{m) <^==> q = N/{a, N). Therefore H^/k = and A 

is an algebra as in 4.8. Moreover clearly < 5. If by contradiction this inequality 
is strict, we will have a relation s'^'^ — ut^ with < g < g. Since s'^'^ = Vqrm 7^ 
we will have that 7^ and y' < x, a contradiction thanks to 4.25. In particular 
X = Xa. 

Now let A be as in 4.8 and set g = g^, A = Xa- We already know that g G 
^N-a,N (see 4.22). We claim that the map Aq^\ — > A sending s, t to Vm,Vn is well 
defined and so an isomorphism. Indeed we have = Xv^ by definition and, thanks 
to 4.27, we have vf^vt'' = since dq — fAi<jr) and = since /^(O) = x. Finally 
if g — N /{a, N) then y — yA — Q and z = o(to), so that Xa = Wm"*^ =0. □ 

Corollary 4.31. If k is an algebraically closed field then, up to graded isomorphism, 
the algebras as in 4-8 are exactly Aq,i if q E flN^a,N — {-^/(o^i-^)} o,nd Aq^Q if 
q E nN-a,N- 

Proof. Clearly the algebras above cannot be isomorphic. Conversely if A G fc* (and 
g < N/{a,N)) the transformation t — > ^/Xt with y = yq yields an isomorphism 

Aq^X^Aq^l. □ 

4.4. Smooth integral rays for ft, < 2. In this subsection we continue to keep 
notation from 4.7, i.e. M = Mr^a,N and we will considered given an element 

g G r2jv-Q,Ar. 

Remark 4.32. We have z = 1 g = r = 1 and x = 1 q = N. Indeed 

the first relation is clear, while for the second one note that, by definition of x and 
since iV > 1, we have x^l dq> = N - I q = N/{a, N), {a, N) = 1. 

Lemma 4.33. The vectors of 

Vcm,dn < C < Z,0 < d < f (c) 
Vm.im < i < Z - 1 

(4.3) Vn,jn < j < X - 1 

VmXz-l)m if Z > ^ 

Vn,ix-l)n if X>\ 
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form a basis of K . Assume qr ^ 1 andq ^ N, i.e. z,x > 1, and denote by A, A the 
last two terms of the dual basis of 4-3. Then A, A G K"^ and they form a smooth 
sequence. Moreover A — l/\M\{x£ + wS), A ~ l/\M\(y£ + z6) and 



1, A„._, 



tfq=l 

1 otherwise 



ifq^N/{a,N) 

1 otherwise 



Proof. Note that we cannot have z — x = 1 since otherwise \M\ = /(O) = x — 1, 
i.e. M = 0. The vectors of (4.3) are at most rkK since 

z~l z-l 

^(/(c)-l)+z-2+a;-2+2 = ^(/(c)-l)+z-l = \M\-z+z-l = \M\-1 = ikK 

c=l c=0 

If z = 1 then (4.3) is . . . , So x — \M\ — N, i.e. n generates M , and 

(4.3) is a base of ii'. In the same way if x = 1, then m generates M and (4.3) is a 
base of K. 



So we can assume that z,x > 1. £ and (5 define a map Z / < ep > 
Denote by K' the subgroup of K generated by the vectors in (4.3), except the last 
two hnes. We claim that {£,S)\k' — 0- This follows by a direct computation just 
observing that if we have a writing Am + Bn as in 4.25, 2) then (f , 6){eAm+B7i) — 
{A, B). Consider the diagram 



cr(ei) = 



,,(z-lf,(<J2)=f„,(x-l)Ti 



Z^ 



K/K' ^ Z*V < eo,if' > 



(E.S) 




r(ei)=e,j(e2)=e„ 



p{ei)=l 



We have (f , (5)(u™^(z_i)™) = {z,~y) since y < x ^ /(O) and (f , 5)(w„,(a;_i)„) = 
(— w, x) since w < z. So | det [/| = — j/it; = \AI\ and, since tt o [/ = 0, [/ is an 
isomorphism onto KerTr. Moreover r^^ = ('^■i'^) since e; = EiCm + (5/e„ mod X'. It 
follows that a is an isomorphism and so (4.3) is a basis of K. 

Consider now the second part of the statement. Clearly A, A e< £,6 >q. 
Therefore we have 

\ - nF^hA / MVm.iz-iym) = 1 = OZ - yb Jfl^ x/\M\ 

A-at+ 00, 1 = {) = xb-aw ^16 = wl\M\ 

and the analogous relation for A follows in the same way. Now note that, thanks to 
4.30 and 4.27, we have that £ = £^ , 5 = 8^ for an algebra A as in 4.8 with = q, 
A A = and sharing the same invariants of q. So we can apply 4.16. We want 
to prove that A, A e so that they form a smooth sequence by construction. 
Assume first that £a^b > 0. Clearly Aa.b, Aa,b > if Sa.b > 0. On the other hand if 
Sa,b < we know that £a,b > z and Sa,b > —y and so 

|M|Aa^b = x£aM + w6a,b > xz-yw = |A/| and \M\AaM = y£a,b + zSaM > yz-zy = 

The other cases follows in the same way. It remains to prove the last relations. 
Since —n — qrm + {dq — l)n, we have £n,-n — Qf and 5n,-n — dq. Using the 
relation zx — wy — \M\ the values of A„^_„, A„__„ can be checked by a direct 
computation. Similarly, considering the relations — m = {qr — l)m + dqn if 1 < g, 
— m ~ {r — l)m + (N — a)n if g = 1 and a ^ 0, —m = {r — l)m if a = 0, we can 
compute the values of Km.~m and A„j__„j. □ 

Proposition 4.34. The multiplication of A'^ (see 4--28) with respect to the basis 
vi = v^vfi is: a^* ifq^N, where (j): M ^ Z/\M\Z, <j){m) = 1; 6^" ifqr = 1, 
where rj: M ^ Z/\M\'L, <j){n) = 1; a^b^ ifqr^l, q ^ N, where A, A are the 
rays defined in 4-33. 
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Proof. In the proof of 4.29 we have seen that if x = 1 {q = N), then M =< m > 
and = Z[a, 6] [s]/(sl*^l - a), while if z = 1 (gr = 1) then M n > and 
^« = Z[a, - b). So we can assume x,z > 1. Let B the D(M)-cover 

over Z[a, &] given by multiphcation tp = a^b^ and denote by {u}i}i£m a graded 
basis (inducing tp). By definition of A, A we have w; = w^w^' for any I e M and 
■0m,(z-i)m = a, ■ipn,{x-i)n = b. Therefore 

and, checking both cases q = 1 and g > 1, ujf^Ljfi = w_„w„ = .„j|A„ .„ _ ^7^^ 
In particular we have an isomorphism A'^ — > B sending Vm, Vn to a;„i, w„. □ 

Notation 4.35. From now on M will be any finite abelian group. If 0: M — > 
Mr^a,N is a surjective map, r,a,N satisfy the conditions of 4.7, q £ ^lN-a,N with 
gr^^l, g 7^ then we set A'''"'^'9^'^ = Ao0,, A'''"-^-?''^ = A o 0^, where A, A are 
the rays defined in 4.33 with respect to r, a, N^q. If = id we will omit it. 



Definition 4.36. Set 

Em = |(r,a,A^,g, I 
and A* : Y,m — > {smooth integral extremal rays of Af}. 



< a < Af, r > 0, A^ > 1, (r > 1 or a > 1) 

q e VlN^a.N, qr I, qa ^ 1 mod A^ 
q ^ N/{a,N), (p: M — !■ Mr,a,N surjective 



Remark 4.37. Since 62,61 generate Mr^a,N, there exist unique r^,a^, A^^ with an 
isomorphism (— Mr.a,N — > A/^v q,v_jvv sending 62,61 to 61,62. One can check 
that = (a, A^), A^^ = rN/{a,N) and = qr, where q is the only integer 
< q < A^/(a, N) such that qa = (a, N) mod A^. 

If A is an algebra as in 4.8 for Mr^a,N, then, through (— )^, A can be thought 
as a Af^v^^v ^vv -cover that we will denote by . A^ is an algebra as in 4.8 with 
respect to M^^ ^t^y with g^v — xa/{c(, N), A/iv ~ ^j^. We can define a bijection 
{-Y : flN-a,N- \N/{N,a)} — > ^7^rv_„v,^.v - {Ar^/(a^, A^^)} in the following 
way. Given q take an algebra A as in 4.8 for Mr.a,N with q^^ — q and Aa ^ 0, 
which exists thanks to 4.30, and set q^ = g^v. Taking into account 4.15 and 4.27, 
if = y^/{a,N) since xa = Va = Vq and (— ) is well defined and bijective since 
A/iv = ^lA = A^^. Note that the condition qa = 1 mod A^ is equivalent to = 1 
and q^ = 1 

Finally if 0: M — > Mr.a,N is a surjective morphism then we set 0^ = (~)^ ° 
(p: M — > A/rV.QV jvv. Note that in any case we have the relation (— = id. In 
particular, since 1^ = a/r^. q = a^/r is the dual of 1 € flN'^ -a'^ ,n'^ ■ 

Proposition 4.38. Let r,a,N be as in J^.l, q G ^lN-a,N with gr 7^ 1, q^ N and 

(p: AI — > Mr.a,N be a surjective map. Set x = {'''TOi,N,q,(p). Then 

(1) q^ N/{a,N): A>^ = A/ A Mr,a.N — > Mr^a,N / < m >~< n >~ 
Z/{a,N)Z; qa = I mod N: A^ ^ £< ^ M A'U^aM =< ei >; 

(2) q = l: =£'^, oj: M ^ Afr.a.w — > A/r.Q,7v/ < n >=< m >~ Z/rZ; 

Wg = I: AX =£",9: M A Mr,a_,N 62 >; 

(3) q>l and v^^l: A^ = /Y^o.,N,7i-q,^ ^ 

In particular in the first two cases we have h\x — h^x — 1. 

Proof. We can assume M = Mr^a,N and (p = id. The algebra associated to O^'^ , 0^*^ 
are respectively = fc[s, t]/(s^', -s""', s'''^t''« -0^), Bg = k[s,t]/ {s"" -t^ ,t'' , s^^'t'^^) 
by 4.34. 
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1) If g = iV/(a, N), then z ^ o(m), y = 0, dq = {a, N) and so Bg = fc[s, i]/(s°(")- 

the algebra associated to If qa = 1 mod TV then = (a, A^) = 1 
and q = /r, i.e. = 1. So y = 1 and ~ A;[s]/(sl*^l), the algebra associated 
to 0^". 

2) If g = 1, then z^r,q = w = 0, x = dq=N and so Ci = fc[s,t](t" — l,s^), 
the algebra associated to 0^ . If w = 1 then q > I and so Cq — fc[i]/(tl*^l), the 
algebra associated to . 

3) If g > 1 then Hc-^ — and so C-q is an algebra as in 4.8. An easy computation 
shows that zc- = w > 1, so that = g — q and Aq = 1. Therefore — A*"'"'^'^^' 
by 4.30. ' ' □ 

Proposition 4.39. = Sjv/ and we have a bijection 

A* : — > {smooth integral extremal rays £ with kg = 2} 

Proof. E](^ C Ejvf since qa ^ 1 mod N is equivalent to g^r^ 7^ 1. Now let £^ be a 
smooth integral ray such that kg = 2 and A the associated algebra over some field 
k. We can assume H^/k — Hg — 0. kg = 2 means that there exist 7^ to, n G M, 
m n such that A is generated in degrees m,n. So M = Mr^a,N as in 4.7 and A 
is an algebra as in 4.8. By 4.30 and 4.38 we can conclude that there exist x € Em 
such that £ — A^. 

Now let X — {i^jCtj^jQ^'t') S ^M- We have to prove that h^x — 2 and, since 
Mr^a,N 7^ 0, assume by contradiction that /iax = 1. We can assume M — Mr^a,N 
and (p = id. Note that Hax — 1 means that the associated algebra B is generated 
in degree m or n. If A is an algebra as in 4.8, then A is generated in degree n if 
and only if z = 1, that means qr = 1. So i? is generated in degree to, i.e. B^ is 
generated in degree 62 G Mr-y .a''' .n''' , which is equivalent to 1 = z^v = g^r^ — 1, 
and, as we have seen, to = 1 mod N. 

Now let x' = {r',a',N',q',(l}') e Em such that f = A^ = A'^'. Again we can 
assume Hg = and take B,B' the algebras associated respectively to XiX'- By 
definition of A*, (/>,(/)' are isomorphisms. If.g = o 0"-*^ : Mr^a.N — > Mr'^a',N' then 
we have a graded isomorphism p: B — > B' such that p{Bi) ~ ^'g(i)- Therefore 
g{{ei,e2}) — {61,62}, i.e. g — id or g — (— )^. It is now easy to show that x' — X 
orx'^x''- □ 

Notation 4.40. We set $m = M — > Z/^Z | / > 1, </) surjective}, e|j = 
{f^}0g$j,j U{(A^, A^)}^gjT^^, where Em is the set of sequences (r, a, iV, g, </>) where 
r,a,N € N satisfy < a < N,r > 0,r > lor a > 1, gG riAr_Q^jv sat- 
isfy gr 7^ 1, g 7^ and 0: M — > Mr^a.N is a surjective map. Finally set 
£^ (f^, Ax)^g$^^,^gSj,^/(-)^- 

Theorem 4.41. Lei 7\f &e a finite ahelian group. Then 

{/.<2} = ( U zf;)U( u z,^^^) 

0e$M (A,A)eeJj 

/n particular {ft- < 2} C Z|™. Moreover tt£ : — )> D(Af)-Cov induces an equiva- 
lence of categories 



{C,M,z,X) e 



Viz,.) n . . . n ^# I ^ i(, < 2) ^ < 

r = 1 or [r = 2 and {£,£'^) G 9m) J - 



Proof. The writing of {ft, < 2} follows from 4.30 and 4.34. Taking into account 
4.39, the last part instead follows from 2.45 taking 8 — □ 

In [Mac03] the authors prove that the toric Hilbert schemes associated to a 
polynomial algebra in two variables are smooth and irreducible. The same result 
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is true more generally for multigraded Hilbert scheraes, as proved later in [MSIO]. 
Here we obtain an alternative proof in the particular case of equivariant Hilbert 
schemes: 

Corollary 4.42. If M is a finite abelian group and m,n & M then M-Hilb™'" is 
smooth and irreducible. 

Proof. Taking into account the diagram in 3.10 it is enough to note that D(Af)-Cov™'" C 
{/i < 2} C Zff . □ 

Proposition 4.43. Sa/ = i/ and only if M ~ (Z/2Z)' or M ~ (Z/3Z)'. 

Proof. For the only if, note that if 0: M — > TLjVL with ^ > 3 is surjective, then, 
taking m — l—\,n=\^ TjjVL^ we have Z/ZZ ~ M\^i-\^i and — 1,Z,2,(/)) G Em- 
For the converse set M = (Z/pZ)', where p = 2, 3 and, by contradiction, assume 
to have (r, a, A^, g, 0) G Sa/. In particular is a surjective map M — > Mr^a,N- 

If 61,62 G Mr, 

a,N ]Fp-independent then M^^a^N — ^ 6i > x < 62 Ck — 0, 
^N-a,N — {1} and therefore q ~ 1 — N/{a,N), which implies that x ^ ^a/- On 
the other hand, if Mi,a,p — Z/pZ. the only extremal rays for Z/pZ are f and, if 
p = 3, £''"^ since if+z/pz ^ N^-i by 3.18. □ 

Theorem 4.44. Let M be a finite abelian group and X be a locally noetherian and 
locally factorial scheme. Set 



codimx V{z,^) n • • • n V{z,J > 2 
if$Se s.t. £'\...£'' C 5 



and 

^x = {Y ^X e D(M)-Cov(X) I hf{p) < 2 Vp G X with codim^X < 1} 
Then -Kg induces an equivalence of categories 

Proof. Apply 2.53 with 9 = 9^^. □ 

Remark 4.45. In general {h < 3} doesn't belong to the smooth locus on Zm- For 
example, if M = Z/4Z, D(M)-Cov = {h < 3} is integral but not smooth by 3.18 
and 3.20. 

4.5. Normal crossing in codimension 1. In this subsection we want describe, 
in the spirit of classification 3.42, covers of a locally noetherian and locally factorial 
scheme with no isolated points and with (charX, \M\) — 1 whose total space is 
normal crossing in codimension 1. 

Definition 4.46. A scheme X is normal crossing in codimension 1 if for any codi- 
mension 1 point p G X there exists a local and etale map Ox.p — > R, where R is 
k[[x]] or fc[[s, i]]/(st) for some field k and Ox^p denote the completion of Ox.p- 

Remark 4.47. If X is locally of finite type over a perfect field fc, one can show 
that the above condition is equivalent to having an open subset U C X such that 
codimjf X ~ U > 2 and there exists an etale coverings {Ui — !• U} with etale 
maps Ui — > Spec k[xi, . . . , • • • x,.. ) for any i. Anyway we will not use this 
property. 

Notation 4.48. In this subsection we will consider a field k and we will set A = 
k[[s,t]]/{st). Given an element ^ G Autfc we will write £,x = ^{x) so that, if 

p G k[[x]] then (^{p){x) — p{^x)- We will call / G Aut^ k[[s, t]] the unique map such 
that 7(s) — t, I{t) = s. Given B E k* we will denote by the automorphism of 
k[[x]] such that — Ex. 
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Finally, given / G fc[[a::i, . . . , and g e k[xi^ . . . , x„] the notation f = g + ■ ■ ■ 
will mean f = g mod {xi, . . . , x^)'^'^^^^^. 

The first problem to deal with is to describe the action on ^ of a finite group 
M and check when A is a D(Af)-cover over A^^. assuming to have the |M|-roots of 
unity in k. We start collecting some general facts about A. 

Proposition 4.49. We have: 

(1) A^k® sk[[s\](Btk[[t]] 

(2) Given f,geA - {0} then fg = Oif and only if f & sk[[s]],g g tk[[t]] or 
vice versa. 

(S) Any automorphism in Kntk A is of the form {S,,ri) or I{S^,ri) where S,,ri € 
Autkk[[x]] and (C, i)) = /(6,?7t)- 

(4) If £, € Autfe k[[x]] has finite order then ^ = B_ where B is a root of unity 
in k. In particular if {^,r]) € Aut^ A has finite order then ^ = S, rj = C_ 
where B, C are roots of unity in k. 

(5) Let f £ k[[x]] — {0}, -B,C roots of unity in k. Then f{Bx) — Cf{x) if 
and only if C — B^ for some r > and, if we choose the minimum r, 
f e x'-k[[x°'^^^. 

Proof. 1) is straightforward and 2) follows easily writing / and g as in 1). For 3) 
note that if e Autfc yl then 0{s)6{t) = and apply 2). Finally 4) and 5) can be 
shown looking at the coefficients of and of /. □ 

Lemma 4.50. If M < Aut^ A is a finite subgroup containing only automorphisms 
of the form 77) then A'^' ~ A. 

Proof. It's easy to show that A^' ~ k^s", t%/{sH^) ~ A where a = lcm{i | 3{A, B) e 
M s.t. ordA = i} and b = lcm{i | 3{A,B) e M s.t. ordS = i}. □ 

Since we are interested in covers of regular in codimension 1 schemes (and A 
is clearly not regular) we can focus on subgroups M < Aut^ A containing some 

Lemma 4.51. Let M < Aut^ A be a finite ahelian group and assume that (char k, \M\) = 
1 and that there exists I(^,ri) e M. Then, up to equivariant automorphisms, we 
have M =< /(id,B) > or, if M is not cyclic, M —< {C_,CT) > x < / > where 
B_, C_ are roots of unity and o(C) is even. 

Proof. The existence of an element of the form /(^, 77) in M implies that s and t 
cannot be homogeneous in mA/m\, that 2 | |M| and therefore that char/c ^ 2. 

Applying the exact functor Hom^ {mA/Tn\, — ), we get that the surjection — > 
mA/Tn\ ^ fc-linear and M-equivariant section. This means that there exists 
x,y G rriA such that tua = {x,y) and M acts on x, y with characters XiC- In 
this way we get an action of M on A:[[Ar, y]] and an equivariant surjective map 
(j): k[[X,Y]\ — > A. Moreover Kevcj) = (h), where h = fg and /, 5 G A:[[A:,y]] are 

such that 0(/) = s, 4>{g) — t. We can write / = aX + bY + ■ ■ ■ , g — cX + dY H 

with ad ^ be ^ 0. Since ax + by ^ s in m^i/m^ and s is not homogeneous there, 
we have a,b ^ 0. Similarly we get c, d 7^ 0. In particular, up to normalize /, g, x 
we can assume b = c = d = 1. Now h — aX^ + {a + 1)XY + + • • • and apply- 
ing Weierstrass preparation theorem [Lan()2, Theorem 9.2], there exists a unique 
h e (h) such that (h) = [h] and h = '0o(X) + '4)i{X)Y + Y'^ . The uniqueness of h 
and the M-invariance of {h) yield the relations m{h) = ri(m)^h, 

(4.4) m{ipo) = i>o{x{m)X) = ri{mfilja, m(i/'i) = '(/'i(x(m)X) = r]{m)^pi 

for any m G M. Moreover h ^ ^h where /i E k[[X,Y]]* and, since the coefficient 
of Y^ in both h and h is 1, we also have /i(0) = 1. In particular ipo = aX^ + 
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Table 4.1. 



H 


m, n, r, a, A^, q 


B 


£ 


Z/2Z 


1,1,1,1,2,1 


k[[z\\[V\ 


2£"^ 


(Z/2Z)2 


(1,0), (0,1), 2,0,2,1 


k[[z\\[U,V\ 
(U2-z,V2-z) 




Z/2/Z X Z/2Z 
/ > 1 


(1,0),(1,1),2,2,2/,1 


kiiz]][u.y] 

([/2_y2 V2l_^) 


^2,2,21,1 


Z/4/Z 


1,21 + 1,1,21 + 1,41,2 


k[[z\\lU,V\ 


^i,2;+i,4;,2 


Z/21Z 
I > 1 odd 


1,1 + 1,2,2,1,1 


kiMiuy] 

(U^-V^,V'-z) 


^2,2,;, 1 



• • • and ipi = {a + 1)X + ■ ■ ■ and so (a + l){x — = by 4.4. Since s is not 
homogeneous in m^/m^, X ¥^ V ^^'^ — Since char/c ^ 2 we can write 

h — {Y + iJji/2)'^ — (-01/4 — -^o) = y''^ — z' . Note that y' , z' are homogeneous thanks 
to 4.4. Moreover, by Hensel's lemma, we can write z' = + • • • = X'^q^ for an 
homogeneous q S fc[[2;]] with q(}S) — 1. So x' = is homogeneous and h = y'"^ — x'"^ . 
This means that we can assume s = x^y,t = x + y. In particular — and Af 
acts on s, < as 

= '^y^Ms + ^-:^{'m)t m{t) = ^Y-^(m)s + ^^^(m)t 
Consider the exact sequence 

(4.5) — >H — ^Af^^{-l,l} — >0 

If M is cyclic, say M — < m >, we have x('^) — — ?/(m) and so m = I{B_,B), 
where B — (x(m) — 'q{m))/2 is a root of unity. Up to normalize s we can write 
m === /(id,B). 

Now assume that M is not cyclic. H acts on s and i with the character x\h — C\h 
and this yields an injective homomorphism x\h'- H — > {roots of unity of fc}. So 
H =< (C, C) > for some root of unity C. The extension 4.5 corresponds to an 
element of Ext^(Z/2Z, iJ) ~ H/2H that differs to the sequence — > H — > 
Z/2o(C)Z — > {-1, 1} — > 0. So H/2H ~ Z/2Z, o(C) is even and the sequence 4.5 
splits. We can conclude that M =< (C, C) > x < m >, where m = I{D.;D) for 
some root of unity D and o{m) = 2. Normalizing s we can write m = /(id, Z?) = 
/. □ 

Proposition 4.52. Let M < Aut^ A be a finite abelian group such that (char k, |A/|) = 
1 and that there exists I{S,,r]) G M. Also assume that k contains the \M\-roots of 
unity. Then A^ ~ ^[[-z]], A G D(M)-Cov(v4*^) and only the following possibilities 
happen: there exists a row of table 4-1 such that AI H is generated by m,n, 
H ~ Mr^a,N, A c:^ B as M -covers, where deg U = m, deg V = n and A over A^'^ is 
given by multiplication z^ . Moreover all the rays of the form A* in the table satisfy 
hA' = 2. 

Proof. We can reduce to the actions obtained in 4.51. We first consider the cyclic 
case, i.e. M I{id,B_) >~ Z/2ffi where / — o{B). There exists E such that 
E'^ = B. Given < r < \M\ = 21, we want to compute A,. = {a & A \ /(id,B)a = 
E^'a}. a = c + f[s) + g{t) G Ar if and only if a = if r > 0, f{t) ^ E''g{t) and 
giBs) = E^fis). Moreover f{t) = E-^giBt) = E-^^f{Bt) =^ f{Bt) = B^f{t). 
If we denote by 5r the only integer such that Q < 5r < I and 6r = r mod I, we 
have that, up to constants, is given by elements of the form E'^ f{s) + f{t) for 
/ e X^-k[[X% CaU /? = + <' e Ao = A'^' and v,. = E^^s^- +t^'-, va = 1. We 
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claim that A^'^ = Aq — k[[(3]] and Vr freely generates Ar as an module. The 
first equality holds since Aq is a domain and we have relations 

n>l n>l n>l n>l 

while the second claim come from the relation 

E''s^-{c + h{s))+&ic + h(t)) = {E^'s^- +&)ic + h{s) + h{t)) for h G X'fc[[X']] 

and the fact that Vr is not a zero divisor in A. 

So A e D{M)-Cov{k[[(3]]) and it is generated by wi = Es + t and vi+i = —Es + t 
and so in degrees 1 and I + 1. If / = 1, so that M ~ Z/2Z, B = 1, E = —1 and 
^2 ^ rpj^jg j^gans that ^ ~ k[[P]][U]/ {U'^ - 13"^) and its multiplication over fc[[/3]] 
is given by /?2^' . This is the first row. Assume I > 1 and set to ~ 1, n = / + 1. 
Note that ^ m ^ n and that M ~ Mr.a,N for some r, a, that we are going to 
compute. 

I odd. We have r = a = 2 and N = ^ since < ^ + 1 >=< 2 >C Z/2ZZ. Consider 
g = 1 G r^AT.A'-Q and the associated numbers are z = r = 2, y = a = 2, (7 = 0, dq = 
X ^ N ~ I, w = 0. Since vf = vf_^^ and v\_^_i = /3, we will have A — A\ ^ where 

A,/z = e k[[l3]] (see 4.28) and therefore the multiplication is by 4.34. 

This is the fifth row. 

I even. We have r = 1, a = I + I, N = 21 since < / + 1 >= Z/2ZZ. Since di = 
I — 1 = —a and d2 = 21 ~ 2 = 2{—a) modulo 21 we can consider q ~ 2 € rjjv-Q.Af- 
The associated numbers are z ~ y = 2, q = 1, dq ^ I — 1, x = N — {dq — dq) = 
I + 1, w — 1 = xn = {I + 1)2 mod 21. Since vf — vf^^, vf_^-^ — and vf'vf^^ — 13, 
we will have A — fc[[^]] A^ ^ where A,/i = G k[[l3]] whose multiplication is 
^Ai,i+i,2i,2^ Xhis is the fourth row. 

Now consider the case M —< {C_,C_) > x < I > with o(C) = I even. Set 
(3 ~ wi o = s + 1 and ui i = —s + t. Note that Wr,^ is homogeneous of degree 

(r, i). Set TO = (1,0), n = (1, 1). They are generators of M and so M ~ Mr^a,N 
for some r, a, A^. We have A = o(rt) = Z, r > 1 since < n >^ M and so r = 2 since 
2to — 2n. If I — 2 we get a = and if / > 2 we get a = 2. Choose g = 1 so that 
the associated numbers are z — 2, y — a, q — 0, dq ^ x = N = I, w = 0. As done 
above, it is easy to see that = We first consider the case / = 2. Since 

vf Q — l3, v\ ^ ^ j3 we get a surjection ^ — > A which is an isomorphism by 
dimesion. From the writing of ^ we can deduce directly that the multiplication 
is 13^'^ i+e''^^ where pr ^ : (Z/2Z)2 — y Z/2Z are the two projections. This is the 
second row. 

Now assume I > 2. Since Vio = v1i and v[ i = f3 and arguing as above we get 

A —k[[p]] ^x,fj, where A, /x = 1, /3 G k[[(3]] and the multiphcation p^^'^'''^ . This is the 
third row. 

Finally the last sentence is clear by definition of Ej\/ and 4.39. □ 

Remark 4.53. If A is a locally noetherian integral scheme and there exists a D(M)- 
cover Y/X such that Y is normal crossing in codimension 1, then X is defined over 
a field. Indeed if char Ox (A) = p then ¥p C Ox{X). Otherwise Z C Ox (A) 
and we have to prove that any prime number g G Z is invertible. We can assume 
X = Spec R, where i? is a local noetherian domain. If dimi? = then i? is a field, 
otherwise, since ht{q) < 1, we can assume dimi? = 1 and R complete. By definition 
of normal crossing in codimension 1, if y = Spec S and p € Y is over mn we have 
a flat and local map R — > S — > Sp — > B, such that B contains a field k. q is 
a non zero divisor in R and therefore in B. In particular 7^ q G fc* C B* and 
q G R*. 
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Theorem 4.54. Let M be a finite abelian group, X be a locally noetherian and 
locally factorial scheme with no isolated points and (charX, \M\) = 1. Define 

NC]i = {Y/X e D{M)-Cov{X) \ Y is normal crossing in codimension 1} 

Then NC^ ^ % if and only if each connected component of X is defined over a 
field. In this case define 

for (j): M — > Z/ZZ surjective with I > 1, 
^2, 2,/, 1,0 (j). M — y Af2,2,/ surjective with I > 3, 
^i,2;+i,4!,2,0 0. — ^ Mi,2i+iAi surjcctivc with I > 1 

and^^QX subcategory ofJ^£{X) of objects (£., Al, z, A) such that: 

(1) for all £ ^ S Cz codim V^(zf:) n V{zs) > 2 except the case where £ 
£*, 5 = £'l' 




in which Vp{z£4,) = Vp{zgnp) — 1 if p G Y^^^ H V{z£^) n V{z£^); 
(2) for all £ £ £_ and p G Y^^^ 'fpizs) < 2 and Vp{z£) = 2 if and only if £ = £'^ 
where (f>: M — > Z/2Z is surjective. 
Then we have an equivalence of categories 

Proof. The first claim comes from 4.53. We wiU make use of 4.44. If Y/X e NCy 
and p G Y^^^ we have hy/xip) ^ dim^.(p) Wp/my < 2 since etale maps preserve 
tangent spaces and dim m^/m^ < 2. So NCx C 

Let 5 be the sequence of smooth integral rays given in 4.44. We know that 
TTg^iNCj.) C So we have only to prove that Trg\NC]^) C T£_iX) C TsiX) 
and that any element Y G NCx locally satisfies the requests of the theorem. So 
we can reduce to the case where X = Spec R, where i? is a complete DVR. Since 
R contains a field, then R ~ k[[x]] . Let x G ^e^i^x) ^^^'^ ^ ^^^^ associated 
Af-cover over R. Let C be the maximal torsor of D/R and H = Hd/ji. Note 
that, for any maximal ideal g of C we have Cq ~ since C/R is etale. 

Moreover SpecZ? G NCx ^'^d only if for any maximal prime p oi D 

Spec Dp G NC^p^^c^ for M/H, where q = CHp. In the same way x G "^ncx ^'^^ 
M if and only if, for any maximal prime q of C, x\ SpocC, S '^nc SpocC ^'^^ M/H. 
We can therefore reduce to the case Hd /r = 0. We can also assume that k contains 
the jAfj-roots of unity. 

First assume that Spec!) G NCy. If D is regular, the conclusion comes from 
3.42. So assume D not regular and denote by /x: R = k\\x]] — > D the associated 
map. We know that D/mA = k. By Cohen's structure theorem we can write 
D = k[[y]\/I in such a way that /i^. — idfe. By definition, since D is local and 
complete, there exists an etale extension D — > B = L[[s, i]]/(st). Using the 
properties of complete rings, B/D is finite and &o B ^ D ®k L. Up to change the 
base R with R (E)k L we can assume that D ~ k[[s,t]]/{st). k — > D extends 
to a map h': D — s- D sending s,t to itselves. This map is clearly surjective. Since 
Spec D contains 3 points, v induces a closed immersion Spec D — > Spec D which 
is a bijection. Since D is reduced v is an isomorphism. This shows that we can 
write D ^ A ^ k[[s,t]]/{st) in such a way that /in- = idfc. So D{M) ~ M acts as 
a subgroup of AutkA such that A^^ ~ ^ii-s;]]- In particular, by 4.50, there exists 
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1]) £ Up to equivariant isomorphisms the possibiUties allowed are described 
in 4.52 and coincides with the ones of the statement. So % e '^nc x- 

Now assume that x S ^tvc x ■ definition of tt£_ the multiplication that defines 
D over R is something of the form ip = Xz^ , where A is an M-torsor and £ is one 
of the ray of table 4.1. The case S = E"^ comes from 3.42. Since, in our hypothesis, 
an M-torsor (in the fppf meaning) is also an etale torsor, up to change the base R 
by an etale neighborhood (that maintains the form fc[[a;]]), we can assume A = 1. 
In this case, thanks to 4.51 and 4.52, we can conclude that A ~ A:[[s, i]]/(st) as 
required. □ 

Corollary 4.55. Let X be a locally noetherian and regular in codimension 1 (nor- 
mal) scheme with no isolated points, M be a finite abelian group with (charX, \M\) = 
1 and \M\ odd. IfY/X is a D{M)-cover and Y is normal crossing in codimension 
1 then Y is regular in codimension 1 (normal). 

Proof. Since Y/ X has Cohen-Macaulay fibers it is enough to prove that Y is regular 
in codimension 1 by Serre's criterion. So we can assume X — Spec i?, where i? is a 

1 

DVR, and apply 3.42 just observing that Reg^ — ^^^^ x- '-' 

Remark 4.56. We keep notation from 4.54 and set 5_ = (f , ?7 : M — > "L/dT, surjective , d > 
1). We have that ^s^iNCj^) = "^kcx ^s, i.e. the covers Y/X € NC}^ writable 
only with the rays in 6, has the same writing of x t>ut with object in J'a. 
Therefore the multiplications that yield a not smooth but with normal crossing in 
codimension 1 covers are only + where (p, ip are morphism as in 1), and 
£^'^, where <j>: M — > Z/2Z is surjective. This result can also be found in [APll, 
Theorem 1.9]. In particular, if M — (Z/2Z)'', where £_ thanks to 4.43, these 
are the only possibilities. 
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